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Metasurface, a miniaturized device with a meticulously designed permittivity dis-
tribution which accommodates nano-fabrication technique, has many novel optical func-
tionalities. This thesis mainly presents the design and application of metasurface de-
vices to improve "vision" in three aspects, namely, signal "vision", holographic "vision",
and biomedical "vision". The design techniques spread from forward calculation, neu-
ral network, to adjoint optimization. These methods are dedicated to finalize the exact
metasurface patterning for a desired far-field radiation, which, if properly defined, can
be beam profiles in signal "vision", 2D intensity distribution in holographic "vision", or
depth of focus distribution in biomedical "vision".

For signal "vision", an enhanced signal transmission is achieved through a meta-
surface to convert a plane wave into multiple Laguerre-Gaussian (LG) modes, thus
expanding the communication channels by one more dimension. A 2D array of Au
nano-antenna was fabricated on a silica chip. When the chip was illuminated by a plane
wave, multiple orthogonal LG modes will be generated and demultiplexed into differ-
ent angles. Each nano-antenna has a width of 200 nm and a length of 200-400 nm, which
can achieve a complex modulation with 0-1 amplitude range and 0-2π phase range. Er-
ror analysis suggests that this metasurface is robust for LG mode transmission over a
400-nm broadband range.

For holographic "vision", the arbitrary holographic display is accomplished through
a metasurface predicted by a pre-trained neural network in a lensless projection modal-
ity. The design process through neural network is about 400 times faster than theoreti-
cal computation. The metasurface in question is capable of complex modulation. Here
I developed a convolutional neural network with dual-output, featuring the complex
pattern in terms of the amplitude and phase branch. Then the complex pattern, termed
as computer generated hologram (CGH) was fabricated into a metasurface and posi-
tioned in an experimental setup to project a holographic image. The averaged training
loss was 4.43% while the testing loss was 4.57%, suggesting a good generalization.

For biomedical "vision", an augmented biomedical imaging can be realized by a tai-
lored fiber facet, which is inversely designed through adjoint optimization to deliver an



extended depth of focus for blood vessel imaging in optical coherence tomography. Two
modalities has been proposed. One is chip-modality: a phase mask has been optimized
to deliver an extended focus with a center intensity 40% higher than its Bessel beam
counterparts and a lowered side lobe. The other is fiber -modality: a grating structure
has been calculated on top of a fiber facet to an extended focus in the forward direction.
In the future, I will calculate the grating pattern for a fiber with side view and integrate
it to an imaging modality.

All in all, metasurface design techniques have been demonstrated to improve "vi-
sion" in signal, holographic, and biomedical aspects. The design techniques spread from
forward calculation for a complex map of signal demultiplexing, neural neural network
prediction for an accelerated holographic display, and all the way to the inverse design
achieved by adjoint optimization to finalize the design in one go to meet the desired
requirement.

(An abstract of 498 words)
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Chapter 1

Introduction

There are four fundamental forces [1]: strong, weak, electromagnetic, and gravitational
forces. When we are talking about optics, it is actually under the frame of electromag-
netic force. Nowadays optics has a very rich content to make a subject of its own.
But fundamentally, optics is electromagnetic waves, whose behavior is formulated as
Maxwell’s equations. Here, I want to lay out (1) how electricity and magnetism is con-
nected as electromagnetic waves, which is known as optics in our field; (2) current re-
search directions in optics; (3) literature review of metasurface optics; and (4) my moti-
vation for metasurface research.

1.1 Optics and electromagnetic waves

The connection between optics and electromagnetism is well presented with great detail
in literature [2] [3]. I will summarize it below so as to enable a broader range of audience
to appreciate optics research in a better position.

There are four findings that lead to the formulation of Maxwell’s equations, which
is the basis of most solutions to optics problem. Michael Faraday, in 1831, discovered
that a changing magnetic field will generate a current [4]. It predicts a time varying
magnetic field will produce an electric field. Carl Friedrich Gauss, in 1835, mentioned
about the flux theorem [5], where the flux of electric field for any enclosed surface is
proportional to the total charges within. In comparison with electric charge, the mag-
netic monopoles do not exist [2]. By adopting Gauss’s Law, the flux of magnetic field
in any closed surface is always zero. André-Marie Ampère analyzed the magnetic force
between two current-carrying wires [6]. Then the findings were generalized by James
Clerk Maxwell stating that a time-varying electric field is the source of a magnetic field
[7].

The above four discoveries inspired James Clerk Maxwell to conceptualize the uni-
fied theories in electromagnetism [6]. Later, the theory was refined by Oliver Heaviside
[8] and demonstrated by Heinrich Hertz [9]. Finally, it evolved into the modern form
ubiquitously seen and used as below:



2 Chapter 1. Introduction

∇ · E =
1
ϵ0

ρ

∇ · B = 0

∇× E = −∂B
∂t

∇× B = µ0J + µ0ϵ0
∂E
∂t

,

(1.1)

where E and B represent electric field and magnetic field respectively, and ϵ0 and µ0

denote permittivity and permeability in vacuum, and ρ means the charge density. It
depicts the propagation of electromagnetic waves in a well-defined manner.

From Eq. 1.1, it is not hard to obtain the following expressions [3]:

∇2E = ϵ0µ0
∂2E
∂t2

∇2B = ϵ0µ0
∂2B
∂t2 ,

(1.2)

where ∇2 is a Laplacian operator. Such an expression is known as differential wave
equation with a travelling speed of

v =
1

√
ϵ0µ0

. (1.3)

In International System of Units (SI) [10], permeability µ0 is assigned a value of 4π ×
10−7m · kg/C2. Permittivity ϵ0 can be easily measured from a capacitor [11]. Some
simple calculation in Eq. 1.3 is able to predict the travelling speed for electromagnetic
waves should be v ≈ 3× 108m/s.

In real life, many experiments were going on to measure the light speed. From
celestial observations of Earth–Sun–Jupiter geometry by Olaus Roemer in 1676 [12], to
toothed wheel rotating measurement by Armand Fizeau in 1849 [13], and many more
others, they all concluded the light speed is roughly 3× 108m/s.

This amazing agreement of speed led Maxwell to believe light is a form of electro-
magnetic waves [6]. And it also embarked on a new journey to perceive and research
optics from a new and fundamental perspective for generations to come.

1.2 Current research overview in optics

While optics and electromagnetism is well explained in Ch. 1.1, it would be easier for
audience to appreciate the flourishing research in optics and the position of metasurface
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optics, which is my research topic, in the frame of general optics.

I would like to classify those research topics in terms of their scale.

When the size is extremely large, we are referring to astronomy or cosmology re-
search, which ususally involves the development of optical instrumentation [14]. In
17th century, Galileo pointed his telescope towards the sky, where he observed Moon,
Jupiter, Venus, and Sun [15]. It is the starting point of us human beings exploring the
universe. Nowadays telescopes become amazingly advanced, e.g., Giant Magellan Tele-
scope [16]. To better understand the data from telescopes and observe celestial bodies,
it demands more expertise from the researchers, including general relativity [17].

Then, we will dive into the field of geometry optics, where the size should be at
least ten times larger than wavelength, but much smaller than celestial distance so as
to obviate the complicated usage of general relativity. This field is more closely related
with human life. For applications, we have optical imaging [18], optical microscopy
[19], optical communication [20], etc. For wavelength, the community spans from ul-
traviolet [21], visible light [22], infrared [23], to millimeter waves [24]. A recent surge in
computer vision research [25] is mostly dealing with problems within this field.

Next, we will explore the field of wave optics. The size should be comparable to the
considered wavelength so the geometry optics rule will fail and wave equations shall
apply. It solves the problem of interference and diffraction [26]. Usually geometry optics
and wave optics are not as separated as how I made the division here, but combined
together in a system to tackle a problem. Another huge topic includes nanophotonics
[27], ranging from metasurface, plasmonics, to chips, gratings, etc. The knowledge of
electrodyamics is a must and finite element method (FEM) is often adopted.

If the size is decreasing to an atomic level, we are entering the field of quantum
optics, where light is better to be treated as photons. Lots of interesting research are on-
going, including quantum entanglement communication [28], quantum logic gates [29],
parametric oscillation [30], etc. An important branch in biomedical studies involves flu-
orescence [31], where photon is interacted with molecules with energy absorption or
emission.

Lastly, in the subatomic level, the theory is still incomplete. Scientists generally
would have to acquire knowledge of quantum field theory. The exploration for quark,
electron, muon, and many more, will never end.

1.3 Metasurface optics and my motivation

Metasurface is a subject based largely on geometry optics and wave optics as I classified
in Ch. 1.2. Metasurface is a flat integrated with a certain arrangement of nano-antenna,
which could arbitrarily manipulate light properties, including its phase, amplitude, spin
and orbital angular momentum [32]. The study of optical response of a nano-antenna
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usually involves wave optics and electrodynamics, while integrating a metasurface into
an optical system may require geometry optics.

Here I will outline the research background of metasurface and my motivation to
explore this field.

Figure 1.1: Arbitrary reflection and refraction through metallic arrays [33]. (a) The ge-
ometry of eight different gold structure. (b) The finite-difference time-domain (FDTD)
simulation shows a full-range phase response. (c) Scanning electron miscroscpe (SEM)
image of a fabricated device. (d) Schematic figure of arbitrary reflection and refraction.

Metasurface emerged as a popular research topic in optics a decade ago. It con-
sists of periodically distributed subwavelength structures, either metallic or dielectric,
to resonance with the incoming electric and magnetic field thus presenting an unex-
pected electromagnetic response [34]. These certain electromagnetic responses, if well
designed and carefully patterned on a surface, will alter optical properties that tradi-
tional devices (e.g. a lens or a lens system) cannot achieve. An early example [33]
demonstrated anomalous reflection and refraction on a surface composed of metallic
arrays in Fig. 1.1. By carefully designing the nano golden structure, they can achieve a
phase response from 0 to 2π. According to the generalized Snell’s law, the reflection and
refraction angle will be altered in will if the phase gradient is introduced appropriately.
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It may seem controversial with traditional reflection and refraction law, but fundamen-
tally, it still obeys Fermat’s principle, where a deviated propagating direction is caused
by artificial phase difference.

Figure 1.2: Comparison between conventional lens and metalens [35]. (a) A conven-
tional lens focusing a beam. (b) A metalens focusing a beam.

Apart from those intriguing applications, one important feature of metasurface is
its miniatured size. When focusing an incoming beam, traditional lens will have a thick-
ness of roughly 5 mm while a metasurface could be as thin as 100 nm [35] in Fig. 1.2. The
miniaturization has a huge impact on tons of imaging modalities. For example, a metal-
ens has been proposed to perform near 180◦ field-of-view (FOV) focusing and imaging
[36] within a size of 2 mm in comparison to its bulky fisheye counterpart. In a camera
modality, a bifacial metasurface that folds optical path in a cavity was implemented to
introduce a 80% reduction in imaging distance with the same imaging performance [37].

Metasurface also comes at another advantage of reduced aberration. Conventional
lenses suffer from chromatic aberration [38], astigmatism [39], coma error [40], etc. F.
Balli designed a hybrid achromatic metalens [41] through a recursive ray-tracing sim-
ulation to achieve a broadband (1000− 1800 nm) focusing efficiency. When it comes to
optical coherence tomography (OCT), a metalens was tailored to compensate the phase
shift caused by the cylindrical outer sheath within an endoscope [42]. They achieved
a near diffraction-limited focusing by correcting the astigmatism. When the incident
angle is large to an imaging system, coma aberration will occur. An optimization algo-
rithm was developed [36] to iteratively update the phase profile of the metalens so as to
decrease the coma error.

Metasurface can also be tailored to realize various functions. This group designed
a metasurface in visible region to manipulate hue-saturation-brightness in a bid for full-
colour holography [43]. Another group brought up an idea to control optical amplitude
and phase independently at a pixel level [44]. When the pixels were well patterned, a
three dimensional (3D) holography was accomplished. Metasurface can be introduced
to solve mathematical problems. This group used an electromagnetic field as an input
value, implemented a metasurface as an integral solver, and retrieved the solution from
the output field [45].

Active tuning is, in addition, an interesting feature for some newly-emerged meta-
surface technologies. This group, by utilizing a microelectromechanical systems (MEMS),
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designed a tunable metasurface doublet. 1-µm change in the distance of two metalense
can cause a 36-µm tunability in the focal length [46]. A reconfigurable metasurface was
proposed to generate a dynamic hologram when being stretched, paving the way for
novel optical display [47]. If a multilayered structure is tuned at optical frequencies,
novel phenomena will occur, including pulse compression, spectral manipulation, for-
bidden frequency gap closure, etc [48].

In comparison, conventional optical solutions have limits. (1) They are bulky. In
the case of a camera, multiple lenses have to be aggregated to achieve a desired focus
with a minimal aberration. (2) They are sensitive to a broadband spectrum. The optical
response at one wavelength may deviate a lot for other wavelengths. Therefore, the
overall performance will suffer for a broadband signal. (3) They are not tailored. The
performance will deteriorate in a different environment, e.g. biological tissue. (4) They
are passive devices. Once manufactured, they are not able to change afterwards.

In conclusion, given metasurfaces’ strength in miniaturization, functionality, and
tunability, I would like to explore the field in metasurface thus delivering a more pow-
erful optical solution to improve human being’s "vision".

1.4 Finite-Difference Time-Domain (FDTD) method

When a photonic device becomes more complicated, it is increasingly impossible to
solve the wave propagation property analytically through Maxwell’s equation in Eq.
1.1. Then finite-difference time-domain (FDTD) method comes into place. It solves
Maxwell’s equation on a mesh and computes electric field E⃗ and magnetic field H⃗ at
every grid points. The software we have used throughout the whole thesis include
Lumerical Inc., Meep [49], and Tidy3D.

Figure 1.3: Yee lattice to discretize Maxwell’s equation in space [49].

FDTD method is based on Yee lattice [50] shown in Fig. 1.3. Firstly, time and space
are discretized into a rectangular grid. Then, the electric field E⃗(⃗r, t) and magnetic field
H⃗(⃗r, t) are solved per time step. And in the end, these electric field and magnetic field
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at all grid points are used to calculate other EM properties, e.g. power flux, amplitude,
and more.

1.5 Thesis structure

This thesis mainly presents the design and application of metasurface devices to im-
prove "vision" in terms of signal transmission, holographic display, and biomedical
imaging. My research work is summarized as follows. (1) The first manufactured device
can convert the incoming plane wave into multiple orthogonal modes, which is func-
tional over a 400-nm broadband wavelength range. Since it can expand communication
channel, it could transmit more signal to have a better “vision”. (2) The second work
utilizes a machine learning approach to inversely design a photonic device to project a
desired holographic image. The prediction process is about 400 times faster than the-
oretical calculation. It could be applied in holographic “vision” scenarios like virtual
reality or augmented reality. This work is under review process. (3) The third work is
still ongoing with some initial progress. It is about building a tailored fiber to perform
vessel imaging through optical coherence tomography. Some nano structures will be
etched on the fiber facet to achieve a longer focus of depth. It will have huge potential
in biomedical “vision” tasks, e.g. vessel imaging.

In Chapter 2, I explained the design process of a metasurface device to convert a
plane wave into multiple Laguerre-Gaussian (LG) modes, thus expanding the commu-
nication channels by one more dimension. The LG modes are characterized by radial
index and azimuthal index. The azimuthal index is known as orbital angular momen-
tum (OAM). It is used in optical communication due to the orthogonality. So signals
won’t interfere during transmission. In comparison, the radial index is largely over-
looked since it is not supported by single-mode fibers. However, the radial index could
be transmitted through a graded-index fiber or in free space. Therefore, I incorporated
both radial index and azimuthal index as the base modes and demonstrated how mul-
tiple different modes were integrated on a silica chip and demultiplexed through illu-
mination. This photonic device consists of arrays of gold block unit with a width of 200
nm and length of 200 – 400 nm. When illuminated by a left-handed circularly polarized
(LCP) light, the gold block unit will induce a new scattering field upon the incident
field. Then, the right-handed polarized (RCP) component of the output field is filtered
to achieve a complex modulation with 0 -1 amplitude range and 0 – 2π phase range.
Such complex modulation makes it possible to combine multiple LG modes whereas its
phase-only counterparts don’t. The error analysis suggests that this photonic device is
robust over a 400 nm wavelength range and experimental demonstration also corrobo-
rates.

In Chapter 3, I demonstrated a neural network to accelerate the inverse design of a
photonic device, which could generate a desired holographic image upon lensless pro-
jection. The design process is about 400 times faster than theoretical computation. The
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metasurface in question is capable of complex modulation. Here I developed a convo-
lutional neural network with dual-output, featuring the complex pattern in terms of the
amplitude and phase branch. Then the complex pattern, termed as computer generated
hologram (CGH) was fabricated into a metasurface and positioned in an experimen-
tal setup to project a holographic image. The averaged training loss was 4.43% while
the testing loss was 4.57%, suggesting a good generalization. The experimental images,
including HKU letters and a Chinese character “guang”, were presented in our sub-
mitted manuscripts. I also revealed the neural network from inside to investigate what
has been learned through the training. In conclusion, the accelerated inverse design is
envisaged to play a role in real-time lensless image projection, e.g. virtual reality, etc.

In Chapter 4, I presented my work on tailoring a fiber facet to build an endoscope
which can achieve an extended depth of focus for vessel imaging through optical coher-
ence tomography. Current issues in endoscopic optical imaging include limited pen-
etration depth, optical aberration, trade-off between lateral and transverse resolution,
etc. Here I designed subwavelength structures on the beveled fiber facet, which will be
etched by focused ion beam (FIB). The design process was accomplished through ad-
joint optimization. Firstly, a geometrical optics solution has been proposed for bench-
mark comparison. The structures vary in geometry to reflect the incident light with a
phase modulation ranging from 0 to 2π. Then, a wave optics solution will be calculated
to obtain the grating structure on a fiber facet, which will produce an electric field re-
sponse with an extended depth of focus. By applying these two pattern, the reflected
beam will be tested of its beam profile. If it can achieve a customized focus depth sur-
rounding the fiber, I will integrate the meta-fiber into an imaging modality. When the
beam is transmitted out of the probe and scattered by the tissue and propagate back
along the fiber, I will collect the signal and conduct the Fourier analysis to reconstruct
the tissue. The tailored fiber endoscope will promote biomedical imaging and disease
diagnosis for vessels regarding clinical needs.

In Chapter 5, I concluded my research work regarding the "vision" improvement
in three aspects. Multiple orthogonal modes were incorporated on one chip to expand
communication band, so as to gain a better signal “vision”. A convolutional neural
network was developed to accelerate the inverse design of a metasurface, in the hope
of delivering a high-rate holographic “vision”. I am still working on tailoring a fiber for
vessel and capillary imaging with a corrected biomedical “vision”.



9

Chapter 2

Signal "vision": metasurface for
signal transmission

Metasurface provides miniaturized devices for integrated optics. Here, I designed and
realized a meta-converter to transform a plane-wave beam into multiple Laguerre Gaus-
sian (LG) modes of different orders at various diffraction angles. The metasurface was
fabricated with Au nano-antennas, which varies in length and orientation angle for
modulation of both the phase and the amplitude of a scattered wave, on a silica sub-
strate. Our error analysis suggests that the metasurface design is robust over a 400-nm
wavelength range. This work presents the manipulation of LG beams through control-
ling both radial and azimuthal orders, which paves the way in expanding the communi-
cation channels by one more dimension (i.e., radial order) and demultiplexing different
modes.

2.1 Introduction

The LG mode, a solution of the Helmholtz equation in cylindrical coordinates, charac-
terized by the radial index [51], p, and the azimuthal index [52], l, has attracted tremen-
dous attention recently owing to the ability to encode information [53, 54, 55, 56]. The
azimuthal index, known as the orbital angular momentum (OAM) [52], has shown ap-
plications in object detection [57, 58], optical communication [59], holography imaging
[60], etc., mainly counting on the momentum conservation during propagation [61].
Meanwhile, the LG mode, as a complete orthogonal basis [57], has been demonstrated
to increase the communication speed [62, 63], e.g., multiplexing and demultiplexing in
multiple orthogonal OAM channels [63]. However, the radial index has been largely
underexplored by the community as it is not supported by the single-mode fiber used
in many optical setups. However, this is not a concern in the free space. Since the radial
index is a valid quantum number [64] and could be transmitted through a graded-index
fiber [51] or in free space, it has the potential to further increase the capacity of commu-
nication system [51] by one more dimension (i.e., radial order).
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However, many studies primarily focused on the generation [53, 56, 65] or the ob-
servation [66, 67] of LG modes. For example, a mode-sorter [54] was proposed to gen-
erate up to 325 LG modes by utilizing 7 phase masks to transform an array of Gaussian
beams into the quasi-complete set of LG mode beams. Despite its technical brilliance, it
still transforms each Gaussian beam into a single LG mode but not multiple ones, not
to mention the setup’s complexity.

Here, I report a complex-modulated metasurface to simultaneously tailor multiple
LG modes. Many previous optical devices for LG modes generation [54, 56, 68] fea-
ture phase-only modulation, which need an iterative algorithm [69] to minimize the
error between the output and target field. In recent years, complex modulation [70, 71]
was proposed to generate LG modes. However, they were only able to generate one
LG mode at a time. By comparison, our metasurface could (1) generate the field in a
faster way (no need for iteration) and (2) achieve more sophisticated goals (simultane-
ous conversion and demultiplexing for multiple LG modes). Our metasurface consists
of a 2D array of Au nano-antennas on a glass substrate coated with ITO (indium tin ox-
ide). Our experiments suggest that the designed metasurface performs in a broadband
wavelength spanning over 400 nm, which is also corroborated by simulation. As the
metasurface is a promising miniaturization technique [33, 72, 73, 74] and many high-
order LG modes are achieved through a single chip [56, 75], our work paves the way to
future LG modes application and communication channel expansion.

2.2 Theory for complex modulation

The building block of the metasurface is the nano-antenna made of Au [Fig. 2.2(a)],
with the height h and width wx fixed respectively at 80 nm and 200 nm throughout this
chapter. The orientation of the nano-antenna (’atom’) defines the Pancharatnam-Berry
phase modulation [76, 77, 78, 79].

When a left circularly polarized (LCP) light impinges onto this unit, the Au block,
functioning as a locally defined birefringent crystal, could alter the amplitude and phase
for the orthogonally decomposed light respectively along the fast-axis and slow-axis,
thus transforming a certain amount of LCP into right circular polarized (RCP) light [77,
80]. The RCP component [44] from transmitted light is

Sout = ⟨R|Γ(−α)Q̂Γ(α)|L⟩ (2.1)

where R and L denote RCP and LCP respectively; Γ(α) is the rotation matrix, α is the ori-
entation angle of the block in Fig. 2.1(a) and Q̂ is transformation matrix. The schematic
conversion is demonstrated in Fig. 2.1(a).

The complex modulation of the output field is detailed as follows.
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I set two basic orthogonal electric field unit as

Ex = −→ex · exp(i(kz−ωt)) (2.2)

Ey = −→ey · exp(i(kz−ωt)) (2.3)

where k denotes the wavevector, z the propagation distance along z axis, ω the radius
frequency, and t is the time.

Figure 2.1: The optical response of a nano-antenna. (a) Schematic demonstration of
converting LCP to RCP with desired amplitude and phase. The Au block is placed onto
a glass substrate. The parameters include orientation angle α, width along x-axis wx and
y-axis wy. (b) The amplitude conversion and (c) the phase conversion under different
wy and orientation angle α when wx is set at 200 nm and incident source is set at 1000
nm.

Then the light field could be written in Jones vector form:

|x⟩ =
[

1
0

]
, (2.4)

|y⟩ =
[

0
1

]
, (2.5)

where |x⟩ and |y⟩ denotes the polarized field along x-axis and y-axis, respectively.
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As LCP and RCP could be decomposed into two linear polarization, LCP and RCP
could be written as follows

|L⟩ = 1√
2

[
1
i

]
, (2.6)

|R⟩ = 1√
2

[
1
−i

]
, (2.7)

where |L⟩ and |R⟩ denotes LCP and RCP carrying unit power, and i represents the π/2
phase shift between two linear polarizations.

Figure 2.2: Full library of nano-antennas to accomplish complex modulation. (a) Con-
figuration of a unit block. P: period; wx: width; wy: length; h: height; α: orientation
angle. (b) Configurations of Au block to accomplish complex modulation. The color
bars are amplitude range of [0, 0.5] and phase range of [-π, π], which are the same as in
(c) and (d). (c, d) Amplitude and phase conversion over 500-1500 nm range for the ten
configurations specified in the red rectangle in (b).

In our metasurface, each periodic unit block contains the glass substrate and Au
nano-block as in Fig. 2.2(a). The configuration of Au block is determined by 3 parame-
ters, namely, the width wx, the length wy, and orientation angle α.

The Au nano-block, considered as a birefringent crystal, has their ordinary and
extraordinary refractive index as no and ne along x and y axis given no orientation angle.
If the incident light is LCP, output field after Au block’s tuning is

|Ψ⟩ = R(−α)Q̂R(α)|L⟩, (2.8)
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where

R(α) =

(
cosα −sinα

sinα cosα

)
, (2.9)

with α being the orientation angle of the Au block,

Q̂ =

(
Aoeiϕo(z) 0

0 Aeeiϕe(z)

)
(2.10)

with Ao and Ae denotes the transmission coefficient along ordinary and extraordinary
direction, while ϕo(z) and ϕe(z) represents the phase modulation resulting from the
birefringence.

In the end, I shall extract the RCP component of the output field |Ψ(z)⟩ [44], which
is

Eout = ⟨R|Ψ(z)⟩

=
1√
2
(1 − i)∗ · |Ψ(z)⟩

= i · sin(
kd(no − ne)

2
)ei( kd(no+ne)

2 +2α),

(2.11)

where d is the height of our proposed Au block.

From above, I could have the output field specially modulated in amplitude and
phase as

Aout = abs(Eout) = sin(
kd(no − ne)

2
), (2.12)

ϕout = angle(Eout) =
kd(no + ne)

2
+ 2α +

π

2
. (2.13)

In phase modulation, the dynamic phase kd(no + ne)/2 is determined by the Au
block’s own parameter, and the Pancharantnam-Berry phase 2α is dependent on orien-
tation angle, which means if the Au block is rotated from 0 to π, the output phase could
have a 0− 2π modulation range, which is consistent with the phase conversion in Fig.
2.1(c).

The FDTD simulation results are presented in Fig. 2.1(b, c). I set width wx and
height h to 200 nm and 80 nm respectively and alter length wy from 200 to 400 nm.
Such range could reach the maximum amplitude conversion range, e.g., from 0 to 0.464,
and is within our fabrication capacity. If wx equals to wy, the Au block will show no
birefringence. It means no LCP will be converted to RCP, which is consistent with the
dark area in Fig. 2.1(b) where wx is roughly equivalent to wy.

I selected 10 different configurations with length ranging from 220 nm to 400 nm
while keeping the period P of the unit as 500 nm, and orientation from 0 to π to encode
the full phase and amplitude of the light wave. In order to offset dynamic phase’s differ-
ence, each configuration has a unique initial orientation angle as shown in the red block
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[Fig. 2.2(b)]. The performance of 10 configurations was evaluated in the wavelength
ranging from 500 to 1500 nm using FDTD simulation. The complete conversion map of
both the amplitude and phase are revealed in Fig. 2.2(c) and 2.2(d).

2.3 Description of Laguerre-Gaussian(LG) mode

The electric field of a certain Laguerre-Gaussian beam can be written as [81]

LGl
p =

√
2r|l|

w|l|+1
0

· exp(− r2

w2
0
) · LP|l|p (

2r2

w2
0
) · exp(ilϕ) (2.14)

where p is the radial index; l is the azimuthal index that represents the magnitude of
OAM; r and ϕ are the cylindrical coordinates; w0 is the beam waist; LP is the Laguerre
polynomial.

Figure 2.3: Intensity profiles and phase fronts of Laguerre–Gaussian (LG) beams with
different azimuthal indices and radial indices [81]. p: radial index. l: azimuthal index.

The intensity and phase profile of some basic LG modes are demonstrated in Fig.
2.3 with varying radial index p and azimuthal index l [81].

Many methods have been proposed to generate one LG mode, which are summa-
rized in Fig. 2.4. A diffractive optical element(DOE) has been demonstrated [82] to
transform a Gaussian beam into an LG3

3 mode beam in Fig. 2.4(a,b). A metasurface[56]
can also be used to generate an LG2

3 mode beam in Fig. 2.4(c,d). Other group fabricated
a spiral phase plate with a specific phase mask to deliver an LG1

3 mode beam, which is
shown in Fig. 2.4(d,e,f).

2.4 Metasurface field

The laser beam is converted to LCP before shining on the metasurface under test [Fig.
2.5]. The RCP component of the forward scattering light will carry the information
encoded with multiple LG modes deflected into different angles (demultiplexing).

In the past, devices featuring only phase modulation, whether a metasurface [56] or
diffraction filter [68], have been proposed for generating LG modes, which is elaborated
in Ch. 2.3. However, for more than two LG modes’ encoding, phase-only modulation
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Figure 2.4: Different methods to generate LG modes. (a) A diffractive optical element to
transform a Gaussian beam into an LG3

3 mode beam shown in (b) [82]. (c) A metasurface
to generate an LG2

3 mode beam as in (d) [56]. (d) A spiral phase plate with a phase mask
of (e) to deliver an LG1

3 mode beam in (f) [83].

could not achieve zero-error [detailed in Ch. 2.8]. Complex modulation [70, 71], pro-
posed in recent years, has not been explored in multiple LG modes encoding.

Here, I show that an incident plane-wave beam can be converted into multiple
LG modes diffracted into arbitrary directions in transmission by a metasurface, whose
complex modulation is expressed as

M = ∑
s

σs(LGl
p)s · exp(i · sinθ · −→gs · −→ρ )

= AMexp(iϕM),
(2.15)

where σs represents different light assigned to the specified LG mode; LGl
pdenotes the

normalized complex distribution of each mode; θ is the deflection angle while gs and
ρ are the deflection direction and pixel vector respectively [inset of Fig. 2.5]. The pixel
vector ρ⃗ points from the center point to one pixel on the metasurface. The amplitude
and phase parts of the output field in Eq. (2.15) could be achieved by the metasurface
with complex modulation which is fabricated by electron-beam lithography.

The meta-convertor allocates the incident light energy into different decomposition
modes according to the designed information magnitude. As an example, I convert the
plane-wave beam into two LG modes with non-identical deflection angles. Fig. 2.6(a)
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Figure 2.5: Experimental setup. PBS: polarization beam splitter. LCP: LCP generator,
consisting of a polarizer and a λ/4 waveplate. RCP: RCP filter, composed of a polarizer
and a λ/4 waveplate.

Figure 2.6: SEM figures of metasurface and LG decomposition display. (a) The rounded
complex pattern to convert the fundamental Gaussian beam into a combination of LG2

4
and LG1

1 directed to g⃗1 = (1, 0), with angles θ = 5o, and θ = 10o. The assigned weight
has a ratio of LG2

4 : LG1
1 = 1 : 1. (b) Overall scanning electron microscope (SEM) image

in (a). (c) Zoomed SEM image in (b). (d) LG decomposition results for the complex
pattern in (a) without deflection. (e) The rounded complex pattern to convert the fun-
damental Gaussian beam into a combination of LG2

4 and LG1
1 directed to g⃗1 = (1, 0),

with angles θ = 5o, and θ = 10o. The assigned Iight has a ratio of LG2
4 : LG1

1 = 6 : 4. (f)
Overall SEM image in (e). (g) Zoomed SEM image in (f). (h) LG decomposition results
for the complex pattern in (e) without deflection. Scale bar: 20 µm in (b,e) ; 1 µm in (c,f).
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shows the complex modulation of the combination of LG2
4 and LG1

1 modes with their
deflection direction being respectively−→g1 = (1, 0) and−→g2 = (1, 0), with deflection angle
θ of 5o and 10o, and an amplitude ratio of 1:1. I fabricated the metasurface by a mapping
from the complex field [Fig. 2.6(a)] to the exact configuration in Fig. 2.2(b). Fig. 2.6(b)
shows the SEM image of the fabricated metasurface with a zoom-in view shown in
Fig. 2.6(c), which elaborates the building blocks of various angles. The metasurface is
composed of 400× 400 unit-blocks. Since each unit-block has a size of 500× 500 nm,
the metasurface has an area of 200× 200 µm.

I decompose the complex pattern to determine the coefficient for each mode as
[detailed in Ch. 2.9]

Cl
p =

⟨LGl
p, U⟩

⟨LGl
p, LGl

p⟩
(2.16)

where U denotes the complex field without deflection to maintain central symmetric
and the denominator is the normalization term. This process is one kind of Fourier
decomposition with the Fourier basis being the LG modes which form the complete set
[84]. The result [Fig. 2.6(d)] suggests a ratio of 1:1 between the modes of LG2

4 and LG1
1 ,

which is well consistent with our design.

Here, I analyzed the effect of fabrication error, detailed in Ch. 2.7. Under the as-
sumption, ±10 nm deviation of width and length of the Au-block will cause an average
error of mostly lower than 10%, which is acceptable. Then, I also evaluate the influence
of fabrication error on the decomposition results [detailed in Ch. 2.9]. The decompo-
sition would have no significant change provided that the fabrication error has a mean
of 0. The decomposition error deviates only 4.5% for a mean of 0.05, which suggests
the robust tolerance to the fabrication error. This has also been validated with another
design [Fig. 2.6(h)] with a combination of LG2

4 : LG1
1 = 6 : 4.

2.5 Metasurface fabrication

The metasurface was fabricated by electron-beam lithography (EBL).

Figure 2.7: The cross section of the fabricated metasurface. The substrate is fused silica
with a thickness of 1 mm, which has an indium tin oxide (ITO) coating. The nano-
antenna consists of gold with a fixed thickness of 80 nm.
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The cross-section of the fabricated metasurface is shown in Fig. 2.7. The substrate is
fused silica with a thickness of 1 mm, which has an indium tin oxide (ITO) coating. The
nano-antenna consists of gold with a fixed thickness of 80 nm. The size of the substrate
is 25× 25 mm2, which is ordered from UniversityWafer. The size of every nano-antenna
is demonstrated in Fig. 2.2(a). The period P, height h, and width wx are respectively
fixed at 500 nm, 80 nm, and 200 nm. The length wy of each nano-antenna ranges from
200 to 400 nm with different orientation angles. The length and orientation angle can be
specified from Table. 2.1 at a determined amplitude and phase modulation.

Figure 2.8: Electron-beam lithography (EBL) fabrication process. At first, the glass sub-
strate was spin coated with a layer of poly methyl methacrylate (PMMA), followed by
electron beam(e-beam) evaporation of thick Au overcoat.Then the sample was exposed
in Elionix ELS7800 EBL system. Next, the Au layer was removed by Au etchant solu-
tion, followed by rinsing with deionized water and finally blow drying with nitrogen.
Exposed samples were developed in a mixture of water and isopropyl alcohol. Next, Cr
was deposited by e-beam evaporation followed by Au with a thickness of 80 nm. After
the deposition, the PMMA resist and metal atop were removed via lift-off in acetone to
reveal the metasurface.

The EBL process is demonstrated in Fig. 2.8. We collaborated with Prof.Sun Xi-
ankai, Dr.Yu Zejie, and Dr.Yu Yue from The Chinese University of Hong Kong (CUHK)
in terms of EBL fabrication.

The standard EBL process is well explained in great detail in many literatures
[85][86]. Here I will only brief the operation flow of EBL process. At first, the glass
substrate was spin coated with a layer of poly methyl methacrylate (PMMA), followed
by electron beam(e-beam) evaporation of thick Au overcoat to prevent the charging
effect during EBL. The graphic data system(GDS) file of the desired metasurface was
uploaded to the EBL system. The sample was exposed in Elionix ELS7800 EBL system
at a certain certain accelerating voltage and beam current. After the e-beam exposure,
the Au layer was removed by Au etchant solution, followed by rinsing with deionized
water and finally blow drying with nitrogen. Exposed samples were developed in a
mixture of water and isopropyl alcohol. Next, Cr was deposited by e-beam evaporation
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followed by Au with a thickness of 80 nm. After the deposition, the PMMA resist and
metal atop were removed via lift-off in acetone to reveal the metasurface.

The imperfection of the fabricated metasurface can be traced back to the EBL ma-
chine Elionix ELS7800 in CUHK. During our collaboration period, the accelerating volt-
age of the machine was unstable.

2.6 Simulation and experiment

Figure 2.9: Experimental results: Broadband performance of meta-converters. (a-d)
Diffraction patterns with metasurface designed for LG2

4 : LG1
1 = 6 : 4. The test wave-

length and the measurement distance from the metasurface are all labeled with the beam
profile. First row: simulation. Second row: experiments. (e) Simulated broadband per-
formance for the meta-converter of LG2

4 : LG1
1 = 6 : 4 in terms of error and efficiency. (f)

Metasurface contains modes of LG1
1 : LG2

2 : LG3
2 = 3 : 4 : 5. The left edge corresponds

to zero deflection for all figures. Scale bar for all: 200 µm.

The holographic image of the metasurface could be calculated through a complex
transmission function [44, 87],

H(x, y) = ∑
m,n

Mmn ·
exp(ikRmn(x, y))

Rmn(x, y)
(2.17)

where Mmn represents a pixel on the metasurface determined by Eq. (2.17); k is the
wavenumber; Rmn(x, y) denotes the distance between Mmn and the position (x, y) on
the holographic image H. The final normalized intensity is calculated as

Inorm =
⟨H, H⟩
⟨H, H⟩max

. (2.18)
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The experimental setup is demonstrated in Fig. 2.5. The PBS is to convert the
incoming beam into a polarized beam. The LCP is to convert a polarized beam into
an LCP beam, while the RCP is to filter out the RCP component of the transmitted
beam. The lasers we used are at three separate wavelengths, namely, 808 nm, 1030
nm, and 1200 nm. The CCD is from IDS imaging with an item number of UI-1240SE-
M-GL. LCP is a polymer circular polarizer from Thorlabs (CP1L1064). RCP is also a
polymer circular polarizer from Thorlabs (CP1R1064). The selection criteria is that they
are readily available from our lab or Thorlabs.

I next evaluated the broadband performance of the metasurface. The complex pat-
tern Mmn of a certain wavelength was converted using the broadband conversion map
for 10 configurations [Fig. 2.2(c, d)]. The metasurfaces were designed at the wavelength
of 1000 nm. The complex pattern varies slightly from 500 nm to 1500 nm [Supplemen-
tary visualization in [88]]. Then I altered the wavenumber k in Eq. (2.17) to simulate the
holograhic image.

The supplementary visualization [88] shows how the complex pattern and the LG
decomposition results change over the broadband wavelength range. The visualization
1 is about the metasurface featuring modes of LG2

4 : LG1
1 = 6 : 4. In the video, the

first row contains the amplitude and phase map of the complex field without deflection
over the wavelength range from 500 nm to 1500 nm. The third figure of the first row
is the bar chart of the LG decomposition results. The second row contains the complex
field of the metasurface with deflection, which is the fabricated complex field I use for
experiments.

Experimentally, the performance of the fabricated metasurface is evaluated at vari-
ous wavelengths (1030 nm, 1200 nm, and 808 nm) to demonstrate the broadband mod-
ulation ability. The diffractive images are collected at a distance of 1.5 mm or 2.0 mm
from the metasurface [Fig. 2.9]. Fig. 2.9(a) shows the diffraction pattern for λ = 1030 nm.
The LG2

4 and LG1
1 deflects to roughly 130 µm and 260 µm at a propagation distance of

1.5 mm, which correspond to the diffraction angles of 5o and 10o, respectively. As seen
from both the hologram simulation and the experiment [Fig. 2.9(a)], there are apparent
interference fringes in the region where the two LG modes overlap, which is owing to
the insufficient separation in the near field. However, the fringes will disappear when
the paired beams propagate further (2 mm away from the metasurface), as shown in
Fig. 2.9(b).

In Fig. 2.9(c, d), I tested the performance of the meta-converter at two other wave-
lengths of 1200 nm and 808 nm, and the experiments (bottom) agree well with the sim-
ulation results (top). I analyzed its error and efficiency from 700 nm to 1500 nm [Fig.
2.9(e)] through simulation. The decomposition error measures the deviation of energy
allocation from design and the efficiency measures the ratio of energy flowing into de-
sired modes defined in Eq. (2.35) [detailed in Ch. 2.9]. Take the metasurface in Fig. 2.6(f)
for example. The desired modes and their amplitude ratio is LG2

4 : LG1
1 = 6 : 4. After

normalization, the desired coefficients vector is −→ω = (0.6, 0.4). After decomposition at
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1 µm, the decomposed vector is −→σ = (0.504, 0.354). The error is calculated as 0.076 and
the efficiency is 0.858, which are both acceptable. I repeat the procedure from 700 to 1500
nm with a step of 50 nm to get Fig. 2.9(e) . It shows that from 800 nm and up to 1500
nm, the metasurface has an error about or below 10% mostly (except 28% at 850 nm).
Although the above analysis adopts two LG modes, in general, the design and analysis
procedure could apply to a combination of multiple LG modes. For demonstration, I
show the three LG modes encoding with an energy ratio of LG1

1 : LG2
2 : LG3

2 = 3 : 4 : 5.
Since the RCP filter is not at 100% efficiency, the unconverted LCP passing the metasur-
face will form an interference pattern resembling its arrangement, which will cause a
concentric ring interference at the center in Fig. 2.9(a-d).

Although the result is decent for three LG modes here, the metasurface has an issue
of energy transmission efficiency. The maximum amplitude modulation is 0.464. The
transmitted power is 21.5% at most. Given the metasurface is complex modulated, the
whole energy transmission would be even lower. If I increase the amount of LG modes,
there must exist a limit where the energy allocated to each mode is undetectable in ex-
periment. Future work about dielectric metasurface to improve the energy transmission
is prospected.

More experiment and simulation results are demonstrated in Fig. 2.10. Two meta-
surfaces are fabricated from Fig. 2.6(a,e). In Fig. 2.10(a,c,e), I introduce a first meta-
surface containing mode LG2

4 and LG1
1 with their deflection direction being respectively

g⃗1 = (1, 0) and g⃗2 = (1, 0), with deflection angle θ of 5◦ and 10◦, respectively, and a
weight ratio 1:1 between them. It was tested under three wavelengths, namely, they are
1030 nm, 1200 nm, and 785 nm. The second metasurface in Fig. 2.10(b,d,f) is designed
to generate a combined mode of LG2

4 and LG1
1 with the same deflection direction and

angle as the first sample, but a different ratio of 6:4. The testing wavelengths were the
same with the first metasurface. The experiments and simulation matches with each
other well.

The metasurface that delivers the testing results in Fig. 2.9(a-d) and Fig. 2.10 con-
tains mode LG2

4 and LG1
1 with a ratio of 6 : 4. The SEM figure of this metasurface is

shown in Fig. 2.6(b-c). Second metasurface that produces the results in in Fig. 2.9(f)
features mode LG1

1 , LG2
2 , and LG3

2 with a ratio of 3 : 4 : 5. The SEM figure of second
metasurface is demonstrated in Fig. 2.11.

2.7 Fabrication error analysis

Due to the fabrication limit, the maximum amplitude conversion I could obtain is 0.464.
Therefore, a projection mapping from 0-1 to 0-0.464 is adopted to yield quasi 0− 1 am-
plitude modulation. And the approximation mentioned above is taken to round the
desired amplitude to the nearest one decimal. For example, if the desired amplitude
conversion is 0.34, it will be rounded to 0.3 denoted as ηN , which after approximation
could be written as ηP = ηN × 0.464 = 0.1392. Next, I searched over the simulated
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Figure 2.10: More broadband simulation and experimental results. (a, c, e) Metasurface
1 designed in Fig. 2.6(a). (b, d, f) Metasurface 2 designed in Fig. 2.6(e). First and third
columns are simulation results based on 1000 nm, 1200 nm, and 800 nm respectively.
Second and fourth column are experimental results based on 1030 nm, 1200nm, and 785
nm. I changed the focal distance from 1.5 mm to 2.0 mm to fully separate the two LG
modes as captioned in the figure head.

Figure 2.11: SEM figure of the metasurface featuring LG1
1 : LG2

2 : LG2
2 = 3 : 4 : 5, whose

testing result is demonstrated in Fig. 2.9(f).

conversion map in Fig. 2.1(b) and 2.1(c) to find the appropriate parameters, including
the length wy and initial orientation α0, on which the recomputed actual amplitude ηac
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and phase ϕac are based. Last, the relative error ξ is calculated as

ξ =
|ηPei×(−1.129) − ηacei×ϕac |

0.464
, (2.19)

where -1.129 is the calibrated phase all configurations need to match at their initial ori-
entation. In this example, after the actual amplitude conversion is computed as 0.1392,
the length of the Au block wy is determined as 230 nm. Then, the initial orientation α0 is
set at − 1

60 π, in order to offset the dynamic phase, which in other words is to make the
initial phase conversion ϕac=-1.177 as close to calibration -1.129 as possible. Under this
configuration, I conducted FDTD method to calculate the actual amplitude conversion
ηac and error ξ as detailed in Table. 2.1.

The tolerance of the size of the nano-block is critical for the broadband perfor-
mance. The metasurface is fabricated with the electron-beam lithography. But there
is no statistical data reflecting the fabrication error for our metasurface. Empirically,
the fabrication has an error of 10 nm. So here I assume the machine will have a 10-nm
deviation on both the width and length of the Au-block and the deviation is Gaussian
distributed. Therefore, the probability density function of the distribution could be rep-
resented as follows

p(Z; µ, Σ) =
1

(2π)
di
2 |Σ| 12

· exp(−1
2
(Z− µ)TΣ−1(Z− µ)), (2.20)

where Z = (wx, wy)T is the vector of the length and width of Au-block; µ = (µx, µy)T

are the mean of the length and width, which are set as the 10 configurations in Table.
2.1; Σ = (σ2

1 0; 0 σ2
2 ) is the covariance matrix of the Gaussian distribution, where two

variables are uncorrelated under our assumption; and di denotes the dimension of the
variable.

The total possible range of Z here, in our consideration, is [190, 210] nm for width
and [µy − 10, µy + 10] nm for length. I conduct full-wave FDTD simulation over this
region, and get the error map

ϵ(Z) =
|C(wx, wy; α0)− C(µx, µy; α0)|

0.464
, (2.21)

where C(x, y, ; α) denotes the complex modulation under the configuration x and y
given orientation α.

The average error ξ could be calculated as

ξ =
∫ µx+10

µx−10

∫ µy+10

µy−10
ϵ(Z) · p(Z; µ, Σ)dwxdwy, (2.22)

where the integral region is the total possible range of Z.

Since the two variables, width wx and length wy are uncorrelated. I just draw one
variable at a time in Fig. 2.12. If the standard deviation σi (i=1,2) is small enough,
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Table 2.1: Parameters Approximation. ηN : desired quasi-amplitude conversion. ηP:
desired actual amplitude conversion. wy: length of the nano-antenna along y-axis. α0:
initial orientation angle. Given the predetermined length wy and orientation α0, the ac-
tual amplitude and phase conversion are denoted as ηac and ϕac. ξ: error between the
actual and desired complex conversion. Error under three different Gaussian distribu-
tions: ξ1: pessimistic; ξ2: neutral; ξ3: optimistic.

ηN 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
ηP 0 0.0464 0.0928 0.1392 0.1856 0.232 0.2784 0.3248 0.3712 0.4176 0.464
wy(nm) 0 220 225 230 250 255 265 270 300 330 400
α0 0 0 0 - 1

60 π - 1
18 π - 1

12 π - 1
9 π - 5

36 π - 1
6 π - 7

36 π - 41
180 π

ηac 0 0.0452 0.103 0.1248 0.181 0.236 0.275 0.326 0.378 0.424 0.45
ϕac 0 -1.129 -1.112 -1.177 -1.08 -1.154 -1.208 -1.212 -1.151 -1.112 -1.10
ξ 0 0.258% 2.23% 3.39% 2.17% 1.53% 4.77% 5.82% 2.30% 2.07% 2.90%
ξ1 0 11.17% 9.29% 8.47% 10.68% 8.39% 9.85% 8.20% 8.62% 6.83% 5.18%
ξ2 0 9.48% 7.87% 7.28% 9.95% 6.91% 9.01% 7.00% 7.92% 6.30% 4.50%
ξ3 0 7.49% 6.04% 6.10% 9.38% 5.58% 8.23% 5.89% 7.19% 5.75% 3.96%

Table 2.2: Three scenarios of Gaussian distribution.

std coverage level
σ1 = σ2 = 10 46.5% pessimistic
σ1 = σ2 = 5 91.0% neutral

σ1 = σ2 = 3.33 99.4% optimistic

Figure 2.12: Gaussian distribution under three scenarios: “pessimistic”, “neutral”, “op-
timistic”.

the most distribution will be inside our considering region. Here I assign three levels
to different standard deviation, ranging from “pessimistic”, “neutral”, to “optimistic”
in Fig. 2.12 and Table 2.2. When the standard deviation σ is set to 3.33 nm, nearly
99.4% of the whole distribution, which is the yellow area in Fig. 2.12, is within our
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Figure 2.13: Error distribution for 10 different configurations with 10-nm deviation
along the width and length of the Au-block. The first and third columns are the ab-
solute error over different width and length. The second and fourth columns are the
Gaussian-distributed error from the desired configuration. For the ten configurations I
selected here, the width wx is fixed at 200 nm. The length wy are (a) 220 nm, (b) 225 nm,
(c) 230 nm, (d) 250 nm, (e) 255 nm, (f) 265 nm, (g) 270 nm, (i) 300 nm, (j) 330 nm, and (k)
400 nm.

considering region. When the standard deviation σ goes up to 10 nm, only 46.5% of the
distribution falls into our assumption region, which is termed “pessimistic” in this case.
I will calculate the total error according to Eq. (2.22) under these three scenarios.

The error map is revealed in Fig. 2.13 for ten nano-block configurations. The first
and third column, captioned “Error” in the figure, is the absolute error among the fabri-
cation region. The second and fourth column show the error with Gaussian distribution
under “optimistic” assumption.
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The average error ξ, elaborated in Eq. (2.22), is calculated under all the three sce-
narios and listed in Table. 2.1. Even under pessimistic assumption, the average error
is about or lower than 10%, which is acceptable. And in Ch. 2.9, I will conclude that
the deviation will be fully waived under LG mode decomposition, which shows the
robustness of my design.

2.8 Defects of phase-only modulation

Phase-only modulation could not achieve zero-error. The electric field of a LG mode is
detailed in Eq. (2.14). Here I simplify it as

LGl
p = Apl(x, y) · exp(iϕpl(x, y)), (2.23)

where Apl and ϕpl represents the amplitude and phase respectively.

The ideal complex pattern containing exactly the desired LG modes could be writ-
ten as

U =
∞

∑
p=0

∞

∑
l=−∞

σpl · Apl(x, y) · exp(iϕpl(x, y)), (2.24)

where σpl is a complex number.

If the metasurface could feature phase-only modulation, the complex pattern could
be rewritten as U = C · exp(i(ϕ(x, y)), where C is a constant. The power is P = |U|2 =

|C|2. Naturally, I will have

∞

∑
p=0

∞

∑
l=−∞

∞

∑
p′=0

∞

∑
l′=−∞

σplσp′ l′Apl Ap′ l′ ·

exp(i(ϕpl(x, y)− ϕp′ l′(x, y))) = |C|2.

(2.25)

The above equation is not true for any arbitrary combination of more than 2 LG
modes. Because given the unimodular property [89], the Fourier basis, here is the LG
mode basis, should be either one or infinite in Eq. (2.25). For finite LG modes, which are
more than 2 LG modes but not infinite, Eq. (2.25) is impossible. This is quite similar to
Ref. [90], where the phase-only modulation for OAM combination is proved impossible.

2.9 LG mode decomposition

I use LGl
p to denote the Laguerre-Gaussian mode with radial index p and azimuthal

index l. The detailed expression is detailed in Eq. (2.14). The field of LG mode LGl
p is

normalized throughout the manuscript, which means the highest amplitude is 1 for all
the different modes.
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Consider an electric field U, which could be decomposed into the combination of
different LG modes as follows

U = ∑
p,l

Cl
p · LGl

p, (2.26)

where Cl
p, a complex number, is the coefficient of the mode LGl

p, which could be calcu-
lated as

Cl
p =

⟨LGl
p, U⟩

⟨LGl
p, LGl

p⟩
=

∫
LGl

p
∗ ·UdS∫

LGl
p
∗ · LGl

pdS
, (2.27)

where LGl
p
∗

is the conjugate of mode LGl
p, and the integral area is the whole electric field

S. The electric field U is normalized to ensure the highest amplitude is 1. Considering
the different LG modes are also normalized, I have ∑ abs(Cl

p) = 1.

Since LG modes are orthogonal to each other, obviously we have

∫
LGl

p
∗ ·UdS∫

LGl
p
∗ · LGl

pdS
=

1, p = p′ and l = l′

0, otherwise
(2.28)

Here I only consider the LG modes combination without deflection. It could give
a basic idea of how the fabrication error will affect the final LG modes. However, if I
introduce deflection into the decomposition, the results will cover a wide range of LG
modes basis. It is similar to Ref. [91], where the OAM state is fixed but located away
from the center, leading to a non-pure singular OAM in the spectrum. Such simplifica-
tion could help us quantify the error and determine how much the error will influence
our results.

For our metasurface M, detailed in Eq. (2.15), I firstly introduce the complex field
U, which is equivalent with M but without deflection.

For the field U, the decomposition is

(Cl
p)k =

∫
(LGl

p)
∗
k
·UdS∫

(LGl
p)
∗
k
· (LGl

p)k
dS

= σk, (2.29)

where σk represents the weight assigned to mode (LGl
p)k.

The relative intensity of each mode is written as

(Il
p)k

=
σ2

k
⟨U, U⟩ =

σ2
k

∑i⟨σi(LGl
p)i, σi(LGl

p)i⟩

=
σ2

k

∑i σ2
i

(2.30)

where the sum of the intensity of all the modes are ∑k(Il
p)k = 1. Due to conjugation, the

phase information disappears in the intensity calculation step.
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Figure 2.14: LG mode decomposition demonstration. First column: amplitude pattern.
Second column: phase pattern. Third column: LG decomposition results. (a) Rounded
complex pattern, featuring LG2

4 : LG1
1 = 1 : 1. (b) Complex pattern with a Gaussian

noise N(0, 0.052) applied to the amplitude. (c) Complex pattern with a Gaussian noise
N(0.05, 0.052) applied to the amplitude. (d) Complex pattern without noise for incident
light at 1200 nm. (e) Complex pattern without noise for incident light at 800 nm.

From Eq. (2.26), I simplify the electric field as

U = A(x, y) · exp(iϕ(x, y)) = AU · exp(iϕU). (2.31)
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Given the assumption that the fabrication error of the width and length of Au-block
are Gaussian distributed, it is reasonable to assume that it will lead to amplitude error
being Gaussian distributed, which means the electric field of the fabricated metasurface
is

U f ab = (A(x, y) + t) · exp(iϕ(x, y)), (2.32)

where t is the amplitude of Gaussian distribution N(µa, σ2
a ). Note the mean µa and

variance σ2
a of the amplitude error here is different from the mean µ and variance σ2 of

fabrication error in Ch. 2.7.

Fig. 2.14 reveals the complex pattern and LG decomposition results with regard
to a metasurface, whose complex field is U = LG2

4 + LG1
1 , with the weight ratio being

LG2
4 : LG1

1 = 1 : 1 but without deflection compared to the metasurface field. The
decomposition result is also shown in Fig. 2.6(d). Apparently, the error has little effect
on our LG mode decomposition.

The deviation of width and length of Au-block will affect the amplitude and phase
output. The error in this regard has been obtained through FDTD in Fig. (2.13). I assume
the orientation doesn’t change, so the Pancharatnam-Berry phase remains the same. The
width and length’s deviation will affect the dynamic phase change, which is negligible
if only considering ±10nm’s change. Therefore, the width and length’s deviation will
only affect amplitude. Given the fabrication machine is unbiased, it is intuitive to take
the mean µa as 0. Under optimistic distribution in Table. 2.1, the expectation of error
ξ3 ranges from 3.96% to 9.38%. It would be reasonable to choose a standard deviation
σa in this scale. In Fig. 2.14, I assign σa a value of 0.05. The Gaussian noise N(µa, σ2

a ) is
applied to the amplitude part of the combined LG mode pattern.

For demonstration, I write the LG mode as LGl
p = Al

p · exp(iϕl
p), where Al

p and ϕl
p

are both real numbers. The decomposition for the electric field after fabrication is

(Cl
p) f ab =

⟨LGl
p, U f ab⟩

⟨LGl
p, LGl

p⟩
→
∫

LGl
p
∗ ·U f abdS,

=
∫

Al
p(AU + t) · exp(i(ϕU − ϕl

p))dS

=
∫

Al
p AU · exp(i(ϕU − ϕl

p))dS

+
∫

t · Al
p · exp(i(ϕU − ϕl

p))dS.

(2.33)

Since the normalization factor ⟨LGl
p, LGl

p⟩ is constant, I do not show it explicitly in
Eq. (2.33) for simplicity.
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Given t is a random variable, I take the expectation to get the final coefficient

(Cl
p) f ab ← E[(Cl

p) f ab]

=
∫

Al
p AU · exp(i(ϕU − ϕl

p))dS

+
∫

t · N(µa, σ2
a )dt

∫
Al

p · exp(i(ϕU − ϕl
p))dS

=
∫

Al
p AU · exp(i(ϕU − ϕl

p))dS

+ µa ·
∫

Al
p · exp(i(ϕU − ϕl

p))dS

= Cl
p + µa(Cl

p)phase′

(2.34)

where (Cl
p)phase is the decomposition coefficient of the pure-phase modulation. From

Eq. (2.34), I could conclude that as long as the mean of amplitude error is 0, the noise
term, which is the second term in Eq. (2.34), could be waived. Even if the amplitude
error has some bias, which means µa is not 0, the decomposition coefficient (Cl

p) f ab

will be somewhere between complex modulation Cl
p and phase modulation (Cl

p)phase.
If the bias is infinitely large (which is quite impossible in the sense), which means the
amplitude error is large, the coefficient (Cl

p) f ab will degenerate into phase modulation
(Cl

p)phase.

In order to quantify the deviation caused by the fabrication noise, here I set a criteria
to judge the error in LG mode expansion.

The “error” in LG mode expansion here is defined as the sum of unwanted modes
and the deviation from desired modes. Our desired coefficients vector of different LG
modes is denoted as −→ω = (ω0, ..., ωi, ..., ωn), while the coefficients after decomposition
is−→σ = (σ0, ..., σi, ..., σn), where ωi and σi means the desired and decomposed coefficient
for ith mode respectively, and n means all the modes desired.

The error could be calculated as

ϵ = (∑
i
|ωi
ω0
− σi

σ0
|). (2.35)

The error could be interpreted as the deviation from the desired modes. I check
whether the ratio of different modes is close to our predetermined ratio.

Here I define another term called efficiency, which is

γ = ∑
i

σi. (2.36)

The efficiency is the sum of our desired modes. If a large ratio of poIr is split into
unwanted modes, the metasurface will not generate desired modes even if the error ϵ is
low.
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2.10 Broadband performance

This section shows the metasurface performance over a broader spectrum from 500 nm
to 1500 nm. Firstly, I will map our complex pattern at 1000 nm to other wavelength
according to the conversion map in Fig. 2.2(c, d). For each wavelength, I conducted LG
mode decomposition.

Figure 2.15: The decomposition results at 500 nm. The complex field of metasurface
features LG2

4 : LG1
1 = 1 : 1.

In Fig. 2.15, it shows how the complex pattern of metasurface 1 [Fig. 2.6(a)] and
the LG decomposition results at 500 nm incidence. The change over the broadband
wavelength range was recorded in a video, which is available for research purposes
from the author upon reasonable request.

In Fig. 2.16, it shows how the complex pattern of metasurface 2 [Fig. 2.6(e)] and
the LG decomposition results at 500 nm incidence. The change over the broadband
wavelength range was recorded in a video, which is available for research purposes
from the author upon reasonable request.

For the wavelength from 800 nm and onwards till 1500 nm, the error is about be-
low 10% mostly and the efficiency is above 60%, which is acceptable and validates our
metasurface design under a broadband usage. I also notice the anomaly point at 600 nm
in Fig. 2.17. The reason is as follows.

I draw the complex conversion for the 10 configurations I selected in Fig. 2.18 at
three wavelength, namely, 600 nm, 1000 nm, and 1200 nm. From the LG decomposition
in Ch. 2.9, the key to maintain a low error when wavelength shifts is the amplitude is a
linear mapping and the phase has only constant shift. And the linear coefficient of the
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Figure 2.16: The decomposition results at 500 nm. The complex field of metasurface
features LG2

4 : LG1
1 = 6 : 4.

Figure 2.17: . The error and efficiency of the metasurface over the wavelength 500 to
1500 nm. The complex field features LG2

4 : LG1
1 = 1 : 1.

mapping determines the efficiency. In Fig. 2.18(a), I can see the amplitude conversion
at 1200 nm is roughly that at 1000 nm times a constant, termed as linear coefficient.
After decomposition and normalization, the results won’t deviate much. However, for
600 nm, it has a nonlinear relationship with 1000 nm, which causes the LG information
disappear. In Fig. 2.18(b), the phase shift of 1000 nm and 1200 nm is about a constant.
In LG decomposition, it will add a phase term in the final LG mode coefficient, which
will be eliminated after conjugation. However, for 600 nm, the phase modulation has a
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Figure 2.18: (a) Amplitude conversion and (b) phase conversion for wavelength at 600
nm, 1000 nm and 1200 nm, which are obtained from the conversion in Fig. 1(c) and (d)
in manuscript.

high variance, which also leads to the LG information’s loss. For the metasurface with
LG modes of LG2

4 : LG1
1 = 6 : 4, I conducted the FDTD simulation from 550 nm to 650

nm in a finer grid. The video is available from the author upon reasonable request. The
error and efficiency is demonstrated in Fig. 2.19.

Figure 2.19: Broadband performance for metasurface of LG2
4 : LG1

1 = 6 : 4. The wave-
length range is set from 550 nm to 650 nm.

From Fig. 2.19, the error is high in the region of 600 to 630 nm, which means the
metasurface will not have an acceptable performance in that wavelength range.

2.11 Discussion

Here, I demonstrated a metal metasurface to generate multiple LG modes with different
diffraction angles. It has a robust performance across a broadband wavelength range
from 800 nm to 1200 nm. It has a potential application to increase the communication
speed.
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For signal transmission, traditional optical communication methods usually adopt
SMF, which only allows TE or TM mode beam to transmit. It will limit the communica-
tion speed with a maximum bottleneck of allowed orthogonal channels. However, by
utilizing LG modes, we will be able to increase the communication orthogonal channels
by one more dimension.

It is obvious that many engineering problem will appear if we want to build an
LG-mode based communication system. In order to achieve LG mode transmission
in a fiber, it requires a micro-engineered fiber to receive and transmit LG modes. We
will have to leverage the price of a tailored fiber and the benefit of an improved signal
transmission speed.

2.12 Summary

In sum, I designed a metal metasurface to generate multiple LG modes and separate
them simultaneously. The design technique was based on forward calculation. The
metasurface features with a complex modulation and have a decent performance over
400 nm wavelength range. Although I demonstrate the energy allocation into a lim-
ited number of LG modes, the meta-convertor could in principle distribute the light
energy into an arbitrary number of modes. Since the radial index of LG mode could
be transmitted through a graded-index fiber [51, 92] or in free space, it is envisaged it
could potentially increase the communication bandwidth in the optical communication
systems with integrated optical devices.
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Chapter 3

Holographic "vision": neural
network for metasurface design

Last chapter demonstrates the forward calculation method to design a metasurface for
signal transmission. However, forward calculation only suffices to solve the case where
the mapping from a metasurface to a desired far-field radiation is known. In many
cases, for a desired far-field radiation, the metasurface pattern is unknown.

Therefore, this chapter presents a neural network to inversely design a metasurface
for arbitrary holographic display. Inverse design of a metasurface involves searching
parameters in a high-dimensional space, which needs huge computational power. To
ease the computational burden, neural network, a well-researched computer science
stream, has demonstrated its potential usage in the inverse design of a photonic de-
vice. Many studies primarily focused on the nanostructure’s configuration. However,
the near field of a metasurface requires further optimization to achieve a desired holo-
graphic image at relieved computational power. Here, a convolutional neural network
is developed to optimize the complex field of a computer-generated hologram, which
can be fabricated into a metasurface to generate the desired holographic image upon
lensless image projection. The neural optimizer can accelerate the design speed 400
times faster than theoretical computation and reduce the time complexity from O(n4)

to O(n2). The neural optimizer has been compared against three other methods, e.g.
gradient-based optimization, global genetic algorithm and coupled-mode theory, to
demonstrate a lowered error rate from more than 10% to 1.38% for the benchmark test-
ing and a reduced running time from hours to near 1 second. The neural optimizer
is envisioned to play a key role in lensless image projection and real-time metasurface
pattern design.

3.1 Introduction

Metasurface, as an integrated photonic device, has been used in many fields, including
hologram [44][79], polarization control [93], color manipulation [43], achromatic focus-
ing [94], etc. To achieve those goals, the metasurface needs to be meticulously designed
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to realize specific optical responses concerning both the nano-antenna configuration and
the pattern arrangement . The design process usually consists of sweepings over differ-
ent parameters, e.g. shape, height, length, etc., through an electrical-magnetic (EM)
solver (e.g., Lumerical FDTD) [44] so as to find a suitable configuration.

Given the computation burden in the sweeping process, the deep learning model
prevails in finalizing the nano-unit’s geometry in a much faster way [95][96]. Apart
from nano-antennas’ design, the deep learning model has also been applied to optimize
the arrangement of them [97]. A generative model is adopted to create a meta-grating
with the best diffraction efficiency [98]. In addition, a convolutional neural network is
trained to map from the holographic image to the phase mask [99]. Such inverse design
problems could be solved readily through a deep learning model [98][100][101][102].
However, with metasurfaces taking on different forms, e.g. gratings, plasmonics, layers,
etc., for different applications, it requires a tailored neural network to accommodate the
various parameters.

In the field of hologram, the inverse problem from a holographic image to the phase
mask is generally solved through Gerchberg-Saxton algorithm [103] or inverse Fourier
transform [104], which could be easily achieved through a physical Fourier transform
lens [103]. The underlying physics is about Fourier optics. Given a field transmission
function f (x, y), we could get its amplitude spectrum in Fourier plane as F(u, v) =

F( f (x, y)), where F stands for Fourier transform [104]. Experimentally it is common to
use a spatial light modulator (SLM) to tune the transmission function f (x, y) in a phase-
only manner, thus generating the desired holographic image. The phase mask on SLM
is usually termed as computer generated hologram (CGH) [105]. Metasurface featuring
Pancharatnam-Berry phase could also be used for hologram with higher resolution and
better performance [106].

However, the phase-only modulation is apparently far worse than complex mod-
ulation in terms of sharpness and luminosity [44]. Moreover, complex modulation is
free from the Fourier transform lens, as it incorporates the inverse propagation function
into the complex design [87], thus every point in the holographic image (object field) is
the interference results of all the spherical wave from the CGH. This lensless modality,
combined with metasurface, is of high interest in recent studies [44][99][107]. However,
efficient inverse mapping from a desired holographic image to the original complex-
modulated metasurface is still highly desirable in the community.

In hologram applications, metasurface also surpasses conventional optics in terms
of resolution. Bulky optical elements are usually adopted by conventional holograms
to shape the wavefront via phase accumulation effect [108]. However, it will suffer
from issues of low-resolution imaging and high-order diffraction. Since metasurface
hologram can modulate amplitude and phase at a subwavelength scale, it can achieve
high-resolution holographic images without diffraction orders by interacting with the
incident wave [109].
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Here, to the best of our knowledge, we firstly presented a neural optimizer (NO) to
design a complex-field CGH, which was 400 times faster than theoretical computation,
to achieve a desired holographic image. The time complexity was reduced from O(n4)

to O(n2), where n is the length of the CGH. The CGH was then fabricated into a meta-
surface within a lensless modality to deliver a compact optical system. The NO featured
a dual-branch convolutional neural network to encode the complex pattern containing
amplitude and phase. A similar architecture has been demonstrated in a classification
work [110] to improve the accuracy. In our work, the NO tended to generalize from the
holographic image field to the metasurface field. Our NO has outperformed three other
methods, e.g. gradient-based optimization, global genetic algorithm and coupled-mode
theory, in terms of the running time and error rate in metasurface deisgn. It is envisaged
that such technique can promote lensless image projection and real-time metasurface
pattern design.

3.2 Theory for computer generated hologram

Holography was first invented by Denis Gabor in 1947 [111]. It utilizes interference
and diffraction theory to record and reconstruct the 3D information of a physical object
[112].

Figure 3.1: The scheme of hologram recording and reconstruction process [112]. (a, c)
Optical holography (OH). (b, d) Computer-generated holography (CGH).

For a traditional optical hologram (OH) shown in Fig. 3.1(a,c), the hologram is
recorded as the interference fringe pattern of the reference beam and the object beam.
Then the original object can be reconstructed when the reconstruction beam is chosen
as the reference beam. However, OH can only allow static images and it will pose strict
requirements on the stability of optical systems, which limits the application in dynamic
display.
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Given the boom of computer and optoelectronic technology, computer-generated
holography (CGH), shown in Fig. 3.1(b,d), can achieve a more dynamic display with
a simpler optical system compared to OH. Some refreshable hologram techniques, e.g.
spatial light modulator (SLM), can be used to digitally generate the hologram.

Figure 3.2: Reconstruction scheme for the CGH [113].

A Fourier-type hologram of CGH is demonstrated in Fig. 3.2. It shows the recon-
struction of a Fourier hologram through a Fourier transform lens with a focal length f .
The relationship between the hologram H(x, y) and the reconstructed image φ(x, y) is
[113]

φ(x, y) = F
{

H(x, y)φr(x, y)
}

, (3.1)

where F denotes the Fourier transform, φr(x, y) represents the complex field of the in-
coming reconstruction beam, and φ(x, y) is the complex amplitude of the reconstructed
image.

3.3 Principle for inversely designing a metasurface

This lensless holography could be simplified as the superposition of the spherical wave
propagation from each point source on a metasurface. For a spherical wave, the free
space propagation can be represented by the Green function [87]

G0(
−→r ,−→r1 ) = exp(± ik|−→r −−→r1 |

4π|−→r −−→r1 |
), (3.2)

where the plus (minus) sign denotes the forward (backward) propagation.

Within a metasurface, each unit performs as a secondary source according to the
Huygens–Fresnel law [107]. The holographic image is, therefore, the superimposition
of the secondary wave from all the units in the metasurface. Inversely, for a given holo-
graphic image, a metasurface’s pattern is the summation of all contributions of back-
propagation from the pixels, which is formulated as

M(x, y) = ∑
i,j

exp(−ik · Rij(x, y))
Rij(x, y))

· H(i, j), (3.3)
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where M(x, y) denotes the complex modulation at position (x,y) on a metasurface M, k
represents the wavenumber, H(i,j) is the intensity information at position (i,j) for a given
holographic image H, and Rij(x, y) is the pixel-wise distance between M and H, which
in mathematical form is |−−→OM(x, y)−−→OH(i, j)| with O being the coordinate origin.

Equation 3.3 is essentially an inverse design process. However, it involves, appar-
ently, two loops to finalize the complex information of a metasurface. If the holographic
image and metasurface are both in size of n×n pixels, the whole inverse design prob-
lem is of the complexity O(n4). Here, through a neural network, it is anticipated to
generalize Equation 3.3 into

M(x, y) = Q̂ · H(x, y), (3.4)

where the decoding process Q̂ is the transformation matrix which functions as NO.
Hence, the problem is optimized to a complexity of O(n2). Through this process, we
managed to accelerate the inverse design 400 times faster compared with the theoretical
method in Equation 3.3 with a testing loss below 5%. It has the potential for lensless
image projection on a faster basis.

In a coherent imaging system where wavefronts interfere with eath other, speckle
will usually occur [114]. In some cases, the community want the speckle to be reduced.
Numerous methods have been reported to reduce speckles by introducing angle di-
versity, polarization diversity, and wavelength diversity [115]. The working principle
of those methods is that they have introduced different independent speckle patterns,
which can be averaged out on the detector.

3.4 Neural network architecture

Our NO aims at mapping a holographic image to the metasurface’s complex pattern.
It consists of U-Net [116] and residual network [117] architectures [Fig. 3.3]. Since the
U-Net is commonly used in image segmentation and encoding [118], here we extended
the layer by adding a short-term memory within each block [Fig. 3.3(f)]. The NO model
features two outputs to represent both the amplitude and phase of the complex field of
a metasurface. The rationale behind this architecture is (1) it is required to represent a
complex number by two real numbers, therefore dual-output is adopted; (2) amplitude
and phase are correlated to some extent, hence their skip connections share the same
down sample block.

The model, similar to a prior report [99] but different in output branches, comprises
five different blocks. Each block color represents (a) down sampling, (b) dilation, (c) up
sampling, (d) residual and (e) convolution, respectively [Fig. 3.3(a–e)]. For different
blocks, its filters range from convolutions with a stride of (1,1) or (2,2), convolutions
with a dilation rate of (2,2), to transpose convolutions with a stride of (2,2). The activa-
tion functions after each layer is Rectified Linear Unit (ReLU). And Batch Normalization
(BN) is adopted to standardize the inputs for the next layer [119]. The skip connection
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Figure 3.3: The architecture of the NO model consists of (a) down sample, (b) dilation,
(c) up sample, (d) residual and (e) convolution blocks. Different blocks are represented
in a single rectangle of its corresponding color. (f) The detailed structure of the NO
model is built with all the above blocks with dropout layers denoted by a gray block
and skip connections represented by a purple arrow. The numbers on the top or bottom
of each block such as a × b × c indicates the size of the feature map is a × b and the
feature channel is c. In each block, the convolution filter types are specified by different
color in the legend at the bottom left corner, including Conv2D, Conv2D with a dilation
rate of (2,2), and Conv2DTranspose. L3 and L5 means layer 3 and layer 5 for the first
block, whose maximum filter activation is shown in Fig. 3.13.

inside each block is an Add function. The overall architecture of our NO model is illus-
trated in Fig. 3.3(f), within which the skip connection is concatenation and the dropout
rate is set at 0.03 in the Dropout Layer. The kernel size of all the layers is (3, 3). The
optimizer is Adam [120] with a learning rate of 0.001.

The input layer is the desired observation (holographic image) with a size of 416×
416. Then it passes through down sample and dilation blocks. The channel size is
specified on each block [Fig. 3.3(f)]. Within each down sample block, the size of the
image is reduced by a factor of 2 along each dimension. The size reduces to (13, 13) at
the final down sample block with a channel size of 192. Next, the block separates into
two branches. The phase branch [top path in Fig. 3.3(f)] contains five up sample blocks
followed by a residual and a convolution block. The anterior four up sample blocks
are concatenated with skip connection from the down sample path so as to solve the
diminishing gradient issue and extract local and global features [121]. The amplitude
branch, [lower path in Fig. 3.3(f)] consists of the same structure as phase branch.

The objective function to be minimized during training is the mean absolute error
(MAE),

Loss = ∑
1

wd
||P− T||, (3.5)
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Figure 3.4: Training history over 20 epochs. Red line denotes training loss while blue
line represents validation loss with respect to epochs.

where w and d denote the width and height of the output, P means the prediction
output, and T represents the true output label, which is normalized in the range of [0,1].
The final MAE sums over the MAE’s from two branches with a ratio of 1:1. The MAE
is actually the pixel-wise average deviation for the prediction field. Therefore, the MAE
is a raw value. In order to represent the percentage of deviation, we use a term, mean
absolute deviation (MAD), i.e., MAD = MAE/span. The denominator is chosen as 1.0
given both amplitude and phase are normalized to a span of 1. Here, MAE is an absolute
value whereas MAD is a percentage ratio.

We selected 8000 images from the Caltech101 dataset and resized them into 416×416
pixels. For each resized image H, we used Equation 3.3 to calculate the corresponding
metasurface pattern M as its label, which led to 8000 pairs of datasets. The focusing
distance from metasurface M to holographic image H was 750 µm. Each unit pixel had
a size of 500× 500 nm2. Hence, both the target holographic image and metasurface had
a size of 213× 213 µm2. The dataset was split into training and test dataset with a 9:1
ratio, which means 7200 pairs for training and 800 pairs for testing. Within the training
data, we also took 10% of them as validation. Therefore, in every training epoch, 6480
pairs were used for training while 720 pairs were set aside for validation.

We trained the NO for 20 epochs with our dataset. The training history [Fig. 3.4]
suggested that the loss had already reached a plateau from epoch 8 and onwards. At
epoch 20, the training MAE reached 0.0471 (MAD of 4.71%) and the validation MAE
was 0.0443 (MAD of 4.43%), implying that the NO was not overfitting. The test MAE
was 0.0457 (MAD of 4.57%), suggesting a good bias and variance. Since Dropout layer
will be deactivated in the evaluation process, the validation and test loss were slightly
lower than the training loss.

In order to validate the novelty and impact of the NO, I compared it with three other
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methods, namely, gradient-based optimization, global genetic algorithm and coupled-
mode theory. The implementation of these three methods are detailed in Ch. 3.5 . I
took the “HKU” letters as the benchmark testing sample with the visual comparison
displayed in Ch. 3.5.4. The comparison results were listed in Table 3.1, which shows a
greater edge of our NO over other methods.

Table 3.1: Comparison table of four different methods to design a metasurface. All these
methods were tested on the same CPU of AMD EPYC 7302P 3.0GHz (16C/32T, 128M
CACHE). The training time is not applicable to gradient-based optimization, global ge-
netic algorithm and coupled-mode theory. 1 iteration time denotes the time to run one
forward simulation and one backward propagation to update the parameters. Running
time records total forward propagation time to deliver a result. For example, the trained
NO only requires one forward propagation to deliver the prediction, while the other
three methods need multiple iterations to output the results. Error denotes the devia-
tion percentage between simulated intensity and desired intensity averaged across pix-
els. Metasurface and holographic image size denotes the number of units we adopted.

Method Training
time

1 iteration
time

Running
time Error Metasurface

size
Holographic
image size

Neural opti-
mizer (NO) 30 hrs N/A 1 s 1.38% 416× 416 416× 416

Gradient-
based opti-
mization

N/A 1146 s 1.6 hr 10.69% 416× 416 100× 100

Global genetic
algorithm N/A 1013 s 5.6 hr 19.90% 416× 416 100× 100

Coupled-
mode theory N/A 106 s 5.9 hr 70.72% 52× 52 25× 25

After nearly 30-hour training, our NO could deliver a metasurface design in about
1 s with a 1.38% error in our benchmark testing of “HKU” letters. In comparison, other
three methods had to start from the beginning for each new input with an increased
error. When the number of metasurface reaches 20, the total running time of gradient-
based optimization is already much longer than our NO. Besides, in the three methods
other than NO, I had to reduce the metasurface size or holographic image size due to
the memory limit of our workstation. I acknowledged that the three methods other
than NO may require hyperparameter tuning to increase efficiency and reduce error.
But it was beyond the scope of this manuscript. And the benchmark testing dataset
should contain a bundle of testing images rather than a single image of “HKU” letters.
However, it would be too heavy a computation burden to prepare a large dataset for
the community to duplicate while only one image would be easier to work with. I also
validated our NO using a different open source dataset detailed in Ch. 3.6.

In conclusion, our NO has exceeded other three methods in terms of running time,
error rate, metasurface and holographic image sizes.
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3.5 Benchmark comparison

In Table 3.1, I compared our NO against three other inverse design methods: gradient-
based optimization, global genetic algorithm and coupled-mode theory. The detailed
implementation of these three methods is listed as follows.

3.5.1 Gradient-based optimization

For gradient-based optimization, I first initialized the complex map of the CGH. Then
I apply the Huygens-Fresnel equation to compute the far-field intensity. Next, the loss
function is obtained from the deviation of computed and desired intensity distribution.
After that, the gradient descent algorithm is applied from the loss function to each pixel
on the CGH. Finally, I output the optimal solution after multiple loops.

The tunable parameters are the complex modulation of nano-antennas. Given our
CGH has 416× 416 nano-antennas, the parameters are of size 2× 416× 416, where 2
represents the amplitude and phase modulation.

Figure 3.5: Metasurface design procedure using gradient-based optimization. Firstly
I initialize a random complex map. Then the far-field is computed. Next, I get the
loss function by comparing the computed far-field with the desired far-field. Then the
gradient descent step is applied to each parameter. At last, I output the converged
solution.

We initialize the amplitude and phase as A and P by a 416× 416 matrix. The near
field of the CGH could be written as E = A · exp(1j · P). The focal length is 750 µm.
The holographic image intensity distribution is calculated through the Green function,
which is

H(i, j) = ∑
i,j

exp(ik · Rij(x, y)
Rij(x, y))

·M(x, y), (3.6)
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where M(x,y) denotes the complex modulation at position (x,y) on a metasurface M, k
represents the wavenumber, H(i,j) is the intensity information at position (i,j) for a given
holographic image H, and Rij(x, y) is the pixel-wise distance between M and H, which
in mathematical form is |−−→OM(x, y)−−→OH(i, j)| with O being the coordinate origin.

The loss function is defined as

Loss = ∑ ||D− H||, (3.7)

where D is the desired intensity, H is the computed intensity.

Each parameter follows the gradient descent rule, which is

p := p− dL
dp

, (3.8)

where p denotes the amplitude or phase of one unit-antenna.

3.5.2 Global genetic algorithm

The global genetic algorithm we adopted here is similar to this reference [122]. I firstly
initialized 5 different complex maps of the CGH as the parent generation. Then I ran-
domly tuned each pixel’s amplitude and phase modulation with a descending mutation
rate. Next, each parent will deliver 5 children, and the children with the highest fitness
score will survive. The new 5 children will form the new parent generation. Finally, I
output the optimal solution after multiple loops.

Figure 3.6: The flowchart of the genetic algorithm. It starts with the random complex
map as the original generation. Then I apply the mutation to the current generation.
Next, I sort the children generation according to their fitness scores. If the solution is
not converged, I duplicate the children generation and start the loop again. At last, I
output the best solution.
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In initialization, the degree of freedom is 2N when the metasurface has N elements
because two numbers are required to represent the complex modulation. The mutation
rate is set at 0.3 for the first generation and drops down to 0.05 thereafter. The definition
of mutation rate here is the possibility of one element changing its amplitude or phase.
Then, I calculated the fitness score of each child. The desired intensity is denoted as D.
The computed intensity H follows the same calculation procedure in previous methods.
The fitness score is defined as

F = −∑ ||D− H||. (3.9)

If the difference between the desired intensity D and computed intensity H is smaller,
the child in question will perform better, which mathematically means a higher fitness
score. Each child will generate 5 new children in the mutation process. The total 6
individuals will be evaluated against the fitness score with the top one being the new
parent.

3.5.3 Coupled-mode theory

I also adopted coupled-mode theory (CMT) to inversely design the plasmonic metasur-
face. The method is quite similar to this reference [123]. Here I only considered the far
field response of each Au antenna. The LCP to RCP is neglected to ease computation.

Firstly, I randomly initialized a metasurface with M elements. Then I solved the
coupled-mode theory to compute the far-field intensity distribution. Next, the loss
function was obtained, and gradient descent was applied to update each metasurface
element. At last, I output the optimized solution after multiple loops.

Then, I ran an FDTD simulation for an Au antenna with a width of 150 nm and
a varying length from 50 nm to 250 nm. Then the resonance frequency and quality
factor were recorded to build a one-to-one mapping from configuration to resonance
frequency. The tunable parameters p⃗ in the CMT model is set as p = (ω1, ω2, ..., ωM),
where M denotes the number of Au antennas.

Next, the CMT method is applied to calculate far-field radiation based on the initial
parameters. The flow is detailed in literature [123], and I also briefed it as follows. I built
the M×M coupling matrix as Ω. The diagonal elements are the resonant frequencies.
The off-diagonal elements is calculated as

Ωmm′ =
1
2

√
ωmωm′

QmQm′
Y0(k0|r⃗m − r⃗m′ |), (3.10)

where Y0 is the Bessel function of the second kind, k0 being the wavenumber.



46 Chapter 3. Holographic "vision": neural network for metasurface design

Figure 3.7: Metasurface design procedure using coupled-mode theory optimization.
Firstly I initialize a random resonant frequency with each frequency mapping to a spe-
cific nano unit configuration. Then I compute the far-field to compare with the desired
far-field to get the loss function. Next, the gradient descent step is applied to each pa-
rameter. At last, I output the converged solution.

The incoming and outgoing waves are represented by N-by-1 vectors Sin and Sout.
The far-field intensity at location r′ = (x′, y′, z′) is

F(ω0, r⃗′) = ∑ |W(r⃗′)Sout(ω0)|2, (3.11)

where W(r) = (e−jk1·r′ , e−jk2·r′ , ..., e−jkN ·r′) is the propagation phases of each channel.

The loss function and the updating rule are the same as the gradient-based opti-
mization in Ch. 3.5.1.

3.5.4 Visualization comparison of far-field radiation

For all the four methods listed in Table 3.1 in this thesis, I have presented their visual
comparison in Fig. 3.8. The input image was the “HKU” letters but of different resolu-
tion sizes due to the computation limit. Then the metasurface was designed through the
four methods. At last, we computed the holographic image of each optimized metasur-
face and plot them in the second row in Figure S1. Our NO has the clearest illumination
and highest resolution size under the same computational source.

3.6 Experimental verification

The metasurface consisted of Au blocks coated on a glass substrate. The Au blocks were
fixed with a height h of 80 nm and a width wx of 200 nm. The length of the Au block
ranged from 200 nm to 400 nm, and the orientation angle tuned from 0 to π to achieve
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Figure 3.8: Visualization comparison of the four methods from Table 3.1, which are (a1,
a2) NO, (b1, b2) gradient-based optimization, (c1, c2) global genetic algorithm, and (d1,
d2) coupled-mode theory. The first row presents the input images for different meth-
ods. Their resolution sizes are captioned below. The second row shows the holographic
images of the optimized metasurface with their resolution size captioned below.

the 2π phase modulation according to Pancharatnam–Berry phase [79]. The design of
the Au block to achieve complex modulation was well presented previously [88]. In
brief, the Au block illuminated by a LCP light functioned as a birefringent crystal, and
part of the LCP light changed into RCP light [inset in Fig. 3.9]. The output can be
formulated as

Sout =
〈

R|Γ(−α)ŴΓ(α)|L
〉
, (3.12)

where R and L respectively denote RCP and LCP; Γ(α) represents the rotation matrix; α

indicates the orientation angle of the Au block; and Ŵ is the transformation matrix.

The experimental setup is shown in Fig. 3.9, which is similar to Fig. 2.5. The
PBS is to convert the incoming beam into a polarized beam. The LCP is to convert a
polarized beam into an LCP beam, while the RCP is to filter out the RCP component of
the transmitted beam. The lasers we used are at three separate wavelengths, namely,
808 nm, 1030 nm, and 1200 nm. The CCD is from IDS imaging with an item number of
UI-1240SE-M-GL. LCP is a polymer circular polarizer from Thorlabs (CP1L1064). RCP
is also a polymer circular polarizer from Thorlabs (CP1R1064). The selection criteria is
that they are readily available from our lab or Thorlabs.

The electric field of the filtered RCP component is

Eout = i · sin[
kh(no − ne)

2
] · exp(i[

kh(no + ne)

2
+ 2α]), (3.13)

where k is the wavevector, no and ne are the ordinary and extraordinary index of the
Au block respectively. I have run a full-wave simulation for the Au antenna through
Lumerical FDTD. The length of the antenna was specially picked to achieve an ampli-
tude range of 0 to 1, while the orientation was tailored to exert a full range 2π modula-
tion.
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Figure 3.9: Experimental setup. PBS: polarization beam splitter. LCP/RCP: left/right
circularly polarized light filter, containing a λ/4 waveplate and a polarizer. CCD:
charge-coupled device camera. Inset: unit structure of the metasurface. It consists of
Au block on a glass substrate.

In order to create the targeted observation pattern, the Au antenna with different
lengths and orientations would be arranged to form a specific pattern. Accordingly, we
adopted the NO to efficiently design such pattern. The metasurface was then fabricated
through electron-beam lithography (EBL). I built an experimental platform to test the
fabricated metasurface [Fig. 3.9]. The 1030-nm incident light was prepared with an
LCP polarization, and then illuminating on the metasurface. Next, the modulated light
passed through the RCP filter, finally cast a desired holographic image on the camera.

I selected two images to test the concept. None of them has been used to train
the NO. They were “HKU” letters [Figure 4(a)], Chinese character “guang” (meaning
‘light’) [Fig. 3.10(b)]. The theoretical complex field of the metasurfaces [row I in Fig.
3.10] and the corresponding holographic image [row II in Fig. 3.10] were calculated
through Equation 3.3. It took 450 s to compute through MATLAB on a CPU of Intel
i5 8500 4.1GHz. In contrast, with the same CPU, the NO prediction only took about
1 s. Before training, the prediction of the neural network was purely noise without
meaningful information [column a2, b2 in Fig. 3.10]. After training, the generated holo-
graphic image matched well with the theoretical one [column a3, b3 in Fig. 3.10]. Then
we fabricated the metasurface featuring with the complex modulation for testing . The
experimental holographic image matched well with our theory [Fig. 3.10].

Due to the ohmic loss and amplitude modulation, the transmitted power, in the
case of “HKU” letters, was only 1.87% of the incoming power. However, the experi-
mental results sufficed to demonstrate the concept of NO. And we will consider to turn
to dielectric metasurface in the future. The issue of the blurred letter “U” comes from
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Figure 3.10: Experimental results of NO. Row I: complex field of metasurface’s pattern.
Row II: simulated holographic image with a distance of 750 µm from the metasurface.
Row III: holographic image in experiments. The observed holographic images are (a)
“HKU” letters, and (b) “guang” character. (Column a1, b1) Theoretical computation as
in Equation 3.3 with a computation time of 450 s. (Column a2, b2) Prediction through
the untrained NO with 1 s. (Column a3, b3) Prediction through the trained NO with 1
s. The training process takes 30 hours to complete.

the fabrication imperfection due to the unstable performance of the EBL machine. The
optical components we selected also affected the results. For example, the LCP and RCP
is not of 100% efficiency. The CCD will also suffer from background noise. These optical
components can be refined to futher improve our results.

The SEM picture of the metasurfaces used in Fig. 3.10(a) is shown in Fig. 3.11.
Fig. 3.11(a) illustrates the metasurface which is theoretically computed to deliver the
holographic image of "HKU" in Fig. 3.10(a1). Fig. 3.11(b) shows the metasurface which
is predicted by an untrained neural optimizer to deliver the holographic image of in
Fig. 3.10(a2). Fig. 3.11(c) shows the metasurface which is predicted by the trained
neural optimizer to deliver the holographic image of "HKU" in Fig. 3.10(a3).

The SEM picture of the metasurfaces used in Fig. 3.10(b) is shown in Fig. 3.12.
Fig. 3.12(a) illustrates the metasurface which is theoretically computed to deliver the
holographic image of "guang" in Fig. 3.10(b1). Fig. 3.12(b) shows the metasurface which
is predicted by an untrained neural optimizer to deliver the holographic image of in Fig.
3.10(b2). Fig. 3.12(c) shows the metasurface which is predicted by the trained neural
optimizer to deliver the holographic image of "guang" in Fig. 3.10(b3).
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Figure 3.11: The SEM picture of the metasurfaces used in Fig. 3.10(a). (a) Metasurface
that is theoretically computed in 3.10(a1). (b) Metasurface that is predicted through
an untrained neural network in 3.10(a2). (c) Metasurface that is predicted through the
trained neural optimizer in 3.10(a3). Scale bar: 20 µm in column I, 10 µm in column II, 2
µm in column III.

Figure 3.12: The SEM picture of the metasurfaces used in Fig. 3.10(b). (a) Metasurface
that is theoretically computed in 3.10(b1). (b) Metasurface that is predicted through
an untrained neural network in 3.10(b2). (c) Metasurface that is predicted through the
trained neural optimizer in 3.10(b3). Scale bar: 20 µm in column I, 10 µm in column II, 2
µm in column III.
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The training process took roughly 30 hours using Tensorflow on a CPU of AMD
EPYC 7302P 3.0GHz (16C/32T, 128M CACHE).

Apart from the Caltech101 database, 2000 images from Labeled Face in the Wild
(LFW) were selected as a different test pool for cross check. The test MAE of LFW
database for the NO trained under Caltech101 was 0.0484 (MAD: 4.84%) on average,
which was considerably good. The test images from a different database could verify
that our NO generalized well across images in different datasets.

3.7 Neural network explanation

We further visualized the maximum filter activation of what has been learned by the
neural network [Fig. 3.13]. The input size was 32 × 32. Starting from a randomly-
initialized input, we used a gradient ascent algorithm to maximize the filter response
[124]. The chosen filter was maximally responsive to the finalized input [Fig. 3.13]. For
a shallower layer [layer 3 in Fig. 3.13(a)], it could capture simple features, including
stripes or dots. When it came to a deeper layer, for example layer 5 in Fig. 3.13(b),
complex features like clouds or textures were learned.

Figure 3.13: Maximum filter activation visualization. The patterns show the inputs that
would maximize the 16 filter responses in (a) layer 3, the first convolutional layer in the
first down sample block, and (b) layer 5, the second ReLU layer in the first down sample
block. The two layers are marked in Figure 3.3. The raw image is downsized by 2 in
each dimension for both layers.

To better reveal the neural network from inside, we visualized the intermediate ac-
tivation output in Fig. 3.14 for the input holographic image, a shape of omega from
the lab logo of Kenneth K.Y. Wong’s group at HKU. The channels are the random three
channels of the last convolutional layer of each specific layer. The block Do-1&3&5,
Aup-1&3 (Pup-1&3), and Ares1 (Pres1) represents down sample, up sample and resid-
ual blocks (for amplitude and phase branches), respectively.
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Figure 3.14: Intermediate activation map of NO when the logo of omega is inputted.
Total number of channels is defined in the architecture in Figure 3.3. Only three random
channels are displayed here. The chosen layer is the last convolution layer of a specific
block. “Do” denotes down sample block. “Aup/Pup” represents the up sample block
for amplitude and phase branch, while “Ares/Pres” means the residual block.

When a holographic image was fed into the neural network, the down sample
blocks firstly extracted simple features (e.g., vertical/horizontal edges, contrast, etc.),
then identified complex features (e.g., thickness of a stripe, etc.). After that, the up sam-
ple branches utilized such information to reconstruct the amplitude and phase pattern,
which will lead to a desired holographic image.

3.8 Discussion

Here, a neural optimizer is demonstrated to design a metasurface within 1 second to
project a holographic image in a lensless modality. This neural network proves to have
a good generalization with an error rate below 5% across different datasets.

Machine learning has been used a lot to design a metasurface in literature. How-
ever, our research is unique in that it explores the usage of neural network in a specific
lensless modality, which is promising in near-eye display applications. It accelerates the
pattern design process to allow for a real-time display scenario.

Meanwhile, there is still a lot of room for improvement. For example, we are using
a metasurface with gold nano-structure. For a display application, it requires a structure
with at least 24 frame per second speed, e.g. SLM, liquid crystal. It is still a challenge
to deliver the same results with SLM as the static gold metasurface does. We can still
explore the neural network compression to reduce the computation time even further.
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3.9 Summary

All in all, we built a NO to intelligently design a CGH for an optical lensless 2D im-
age projection. The CGH then was fabricated into a complex-modulated metasurface,
which can generate a desired holographic image without bulky lens system, much more
convenient than phase-only CGH, which needs a Fourier-transform lens. Though the
experimental setup here contained other optical components, including LCP, RCP, and
PBS, they can be replaced by a coating to achieve a handy modality. The NO tends
to generalize the optical backpropagation process in free space from an object field to
the CGH. The NO was trained under the Caltech101 database and had a test loss of
4.84% for LFW database. The theoretical training results were well matched with exper-
iments. Our NO can accelerate the inverse design process of the metasurface’s pattern,
from 450 s in a theoretically computing approach to 1 s enhanced by the prediction
capacity. Although the time difference is negligible compared to the EBL process of
nearly 10 hours, the NO can readily be applied to a complex-modulated SLM to achieve
a real-time design, which we will explore further. As for time complexity, it is reduced
from O(n4) for theoretical computation to O(n2) for NO. When the number of metasur-
face reaches above 20, the total running time of NO is significantly reduced compared to
other methods, e.g. gradient-based optimization, global genetic algorithm and coupled-
mode theory. Besides, the error can be lowered from more than 10% to only 1.38% for
the selected testing image. Given that the complex-modulated metasurface has more
sophisticated functions [44], the proposed NO may assist in lensless image projection
and real-time metasurface pattern design. This work demonstrates an inverse design
technique for metasurface patterning. It utilizes a neural network for an accelerated
prediction of metasurface pattern.
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Chapter 4

Biomedical "vision": metasurface
for optical imaging

Last chapter showcased a neural network for an accelerated inverse design for metasur-
face patterning. However, a neural network usually requires a large amount of data to
train. The training dataset, if solved by FDTD, is still a huge computation burden.

Therefore, this chapter presents an adjoint optimization method to directly opti-
mize a structure to achieve a desired far-field radiation without any prior training data.
The adjoint method is applied to tailor a fiber facet to build an endoscope which can
achieve an extended depth of focus for vessel imaging through optical coherence to-
mography. Current issues in endoscopic optical imaging include limited penetration
depth, optical aberration, trade-off between lateral and transverse resolution, etc. Here
I designed subwavelength structures on the beveled fiber facet, which will be etched
by focused ion beam (FIB). The design process was accomplished through adjoint opti-
mization. Firstly, a geometrical optics solution has been proposed for benchmark com-
parison. The structures vary in geometry to reflect the incident light with a phase mod-
ulation ranging from 0 to 2π. Then, a wave optics solution will be calculated to obtain
the grating structure on a fiber facet, which will produce an electric field response with
an extended depth of focus. By applying these two pattern, the reflected beam will
be tested of its beam profile. If it can achieve a customized focus depth surrounding
the fiber, I will integrate the meta-fiber into an imaging modality. When the beam is
transmitted out of the probe and scattered by the tissue and propagate back along the
fiber, I will collect the signal and conduct the Fourier analysis to reconstruct the tissue.
The tailored fiber endoscope will promote biomedical imaging and disease diagnosis
for vessels regarding clinical needs.

4.1 Introduction

Optical imaging provides a non-invasive technique to acquire a detailed image of the
tissue through photons across a wide electromagnetic spectrum. Its modalities include
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optical coherence tomography (OCT) [42], photoacoustic (PA) imaging [125], Raman
spectroscopy [126], super resolution microscopy [127], etc.

Figure 4.1: Recent developments in OCT. (a, b, c) A metasurface-integrated endoscope
for an enhanced imaging depth [42]. (a) Schematic figure of the endoscope probe. (b)
A photo of the fabricated device. (c) Focusing property of the OCT. (d) The phase mask
to generate a needle-shaped beam [128]. (e, f) High speed OCT with circular interfero-
metric ranging technique [129]. (e) Base delay can be confirmed from the same spectral
modulation frequency. (f) Circular mapping from the measured delay to the physical
delay.

Huge effort has been spent to improve the above imaging modalities in terms of
speed [129], resolution [130], miniaturization [131], etc. In OCT field, a metasurface
has been designed to compenstate the phase shift caused by the endoscope sheath [Fig.
4.1(a,b,c)], thus achieving a diffraction-limited focus with a reduced aberration [42]. An-
other group proposed a diffraction optical element (DOE) [Fig. 4.1(d)], when fabricated
according to a specific phase pattern and positioned in front of an objective in an OCT
modality, could form a needle-shaped beam with a 50-fold Rayleigh range [128]. Such
a long depth of focus (DOF) can improve the imaging depth and resolution. A circular
coherent ranging architecture is demonstrated to compress sparse physical voxels (e.g.
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air) into one measurement set [Fig. 4.1(e,f)]. Compared with Fourier-domain OCT, this
method can reach an imaging speed of 7.5 volumes per second through the sparsity
compression [129], which will play an important role in dynamic biomedical imaging.

Figure 4.2: Comparison between Bessel beam and EDOF [132]. Illustration of intensity
profile for (a) Gaussian beam, (b) Bessel beam, and (c) tailored EDOF. Simulated inten-
sity profile of (d, e)Bessel beam and (f, g) tailored EDOF.

Among the all the factors affecting imaging quality, extended depth of focus (EDOF)
demonstrates great importance in improving imaging depth and resolution [133]. In
this regard, Bessel beam and Airy beam has been frequently adopted as a penetration
beam due to their diffraction-free features [134]. However, such features come with
high-energy side lobes, which will cause background noise and photobleaching [134].
Therfore, the community proposes various methods to tackle this problem. The com-
parison between Bessel beam and EDOF is displayed in Fig. 4.2. One group designed
a phase mask on a metasurface to achieve an EDOF across visible spectrum with a sup-
pressed achromatic aberration [135]. Another group proposed a DOE, whose phase
pattern allocates the incident beam into multiple focal points along the axial axis, to
generate an EDOF with diffraction-limited beam width [128].

However, the above designing methods, e.g. metasurface geometry sweeping,
phase mask designing, are actually a forward process, which may pose high compu-
tation burden [134] but lead to a decreased focusing efficiency [135]. Recently, some
inverse design methods have been applied in metasurface designing [136]. This group
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applied adjoint optimization to design a metalens with a 24% efficiency higher in holog-
raphy focusing than conventional periodic unit-cells [136]. Another group also utilized
adjoint method to inverselt design a cylindrical meta-grating with an EDOF at 625 nm
wavelength [133].

While EDOF plays an important role in imaging quality, the community also looks
for miniaturized device for a greater versatility. One group reported a graded-index
(GRIN) fiber, when connected with a single mode fiber (SMF), can provide an ultra-
small probe for a better lateral resolution [137]. This article claimed nano technology has
enabled imaging probes with an outstanding performance within a limited size [138],
e.g. magnetic particles for a higher sensitivity in magnetic resonance imaging (MRI),
quantum dots as a robust fluorescent tags due to their optical and chemical stability,
high atomic number elements for an enhanced computed tomography (CT), etc.

All in all, while numerous research is going on about probe miniaturization and
nano-photonic device for EDOF, the research for OCT with an SMF probe, whose facet
is inversely designed through adjoint optimization to achieve an EDOF, is still under-
explored. In this chapter, I will demonstrate the usage of adjoint optimization to design
the pattern on a SMF, which can be readily adopted by OCT or PA imaging.

4.2 Theory for adjoint optimization

This section presents the working priciple of adjoint optimization.

4.2.1 Mathematical derivation

Adjoint method was well explained in literature [139][140]. It provides a way to cal-
culate derivatives with less computation burden. Such derivative represents the sen-
sitivity of the output results to the input parameters. Given the emerging problems
nowadays usually involve a large amount of parameters, e.g. machine learning models
with millions of parameters to tune, mechanical simulation with tons of voxels as in-
put, etc., adjoint method is an excellent way out leading to an optimized parameters set
within a limited time.

Firstly, we have a set of field values x⃗ ∈ Rnx , represented as [x1, x2, ..., xnx ]
⊺. And

we also have a set of parameters p⃗ ∈ Rnp , represented as [p1, p2, ..., pnp ]
⊺. In order to

calculate the field value, we usually have to run a simulation or a forward computation,
which could be written as

f (x⃗, p⃗) = 0, (4.1)

whose dimension is Rnx ×Rnp → Rnx . For a machine learning problem, f is simply a
forward calculation. For an EM problem, f usually conveys an FDTD simulation with a
certain structure, mathematically written as p⃗, to get the EM response x⃗.
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Then we will define a loss function or, in a different name, a measure of merit, as

g(x⃗, p⃗) : Rnx ×Rnp → R, (4.2)

which we would like to minimize. A machine learning problem would require the loss
to be as small as possible. A mechanical or EM problem would expect some structure
response to be minimized or maximized. For a maximization problem, we could add a
minus (−) signal in Eq. 4.2, and it will become equivalent to a minimization problem.

To minimize the loss in Eq. 4.2, gradient descent algorithm [141] is commonly ap-
plied to update the input parameters. That’s where the magic of adjoint method comes
into play. Since it could calculate the gradient of all parameters in the same complexity
as a forward computation, it could accelerate the convergence of parameters in a way
to minimize the loss function, which is equivalent to one update of a machine learning
model.

Then, I gave the total derivative of the loss function as follows

dg
dp⃗

=
∂g
∂ p⃗

+
∂g
∂x⃗
· dx⃗

dp⃗
, (4.3)

whose dimension is

[
dg
dp1

,
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dp2

, . . . ,
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dpnp
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∂p2

, . . . ,
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,
∂g
∂x2

, . . . ,
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∂xnx

] ·
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dx1
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dpnp

dx2
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dx2
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. . . dx2
dpnp

...
...

. . .
...

dxnx
dp1

dxnx
dp2

. . . dxnx
dpnp

 .
(4.4)

Since the loss function g(x⃗, p⃗) is already defined in advance in Eq. 4.2, it is not hard
to get the partial derivative of ∂g/∂ p⃗ and ∂g/∂x⃗. The hardest part is the calculation of
dx⃗/dp⃗.

For traditional forward calculation method, we add a small deviation

pi → pi + δ (4.5)

to only one parameter. Then we run the simulation to get the field value change as

x⃗pi → x⃗pi + δx⃗pi . (4.6)

Thus we have one column vector of dx⃗/dp⃗ as x⃗pi /δ. Since we have np parameters,
it would require np simulations to get the total derivative dx⃗/dp⃗. When np becomes
increasingly large, which is normal for machine learning, mechanical or EM simulation,
etc., it would be a huge computation cost for only one update.
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Adjoint method can calculate the derivative dx⃗/dp⃗ within a computation cost no
more than a forward simulation. Since a simulation f (x⃗, p⃗) = 0 is satisfied everywhere,
we could write the total derivative as follows

d f
dp⃗

=
∂ f
∂x⃗
· dx⃗

dp⃗
+

∂ f
∂ p⃗

= 0. (4.7)

Let’s assume ∂ f /∂x⃗ is everywhere non-singular. The field derivative to the param-
eters is

dx⃗
dp⃗

= −(∂ f
∂x⃗

)−1 · ∂ f
∂ p⃗

. (4.8)

Then we apply Eq. 4.8 to Eq. 4.3. We will have

dg
dp⃗

=
∂g
∂ p⃗
− ∂g

∂x⃗
· (∂ f

∂x⃗
)−1 · ∂ f

∂ p⃗
. (4.9)

In Eq. 4.9, ∂g/∂x⃗ · (∂ f /∂x⃗)−1 could be replaced as λ⊺, which is exactly the solution
of

(
∂ f
∂x⃗

)⊺λ = (
∂g
∂x⃗

)⊺. (4.10)

Eq. 4.10 is the adjoint equation, whose computation complexity is roughly the same
as a simulation in Eq. 4.1. Its solution could be readily applied to Eq. 4.9 to get the
final total derivative of the loss function. In the case of millions of parameters, adjoint
method in Eq. 4.10 could take weeks to converge compared with 200,000 years as in
conventional forward simulation in Eq. 4.5 [142].

If the simulation f (x⃗, p⃗) = 0 is a linear process, it could be written as

f (x⃗, p⃗) = A( p⃗)x⃗− b( p⃗) = 0. (4.11)

It is easy to have the derivative ∂ f /∂x⃗ = A( p⃗). The adjoint equation for the linear
process would be

A( p⃗)⊺λ = (
∂g
∂x⃗

)⊺. (4.12)

If the simulation is a non-linear process, the derivative ∂ f /∂x⃗ may not have an explicit
form. The adjoint equation is still in the form of Eq. 4.10.

4.2.2 Adjoint method and backpropagation

Backpropagation is an important algorithm to train machine learning models with mil-
lions of parameters [143]. Christopher Olah [142] once used a computational graph to
demonstrate the mathematical tactic of backpropagation. Here I will also use a compu-
tational graph to present the similarity between adjoint method and backpropagation.
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Figure 4.3: Computational graph of a simulation process e = (a + b)× (b + 1).

Let’s consider a simulation process of

e = (a + b)× (b + 1), (4.13)

where apparently e is the field value, a and b are the parameters. We assign the parame-
ters a value of a = 2 and b = 1. The computational graph of the simulation in Eq. 4.13 is
plotted in Fig. 4.3, where intermediary nodes are used to demonstrates the calculating
process from the input parameters to the output field value.

If we want to know how the field value will change when the input parameters
has a small deviation (, which is the derivative), we have two computation methods -
forward-mode differentiation and reverse-mode differentiation (backpropagation) [142].

Firstly, the partial derivative is calculated between every connected node pairs. For
example in Fig. 4.3, there is an intermediary process "c = a + b" before getting to the
final value. So the partial derivative of this node and two input nodes are ∂c/∂a = 1
and ∂c/∂b = 1. Other partial derivatives are labelled in Fig. 4.3.

For the forward-mode differentiation, the calculation flow is from bottom to top.
We sum all the path between one input and the final output. For parameter a, we will
have

de
da

=
∂e
∂c
· ∂c

∂a
. (4.14)

If we want to get the derivative of de/db, we have to run the simulation once again to
obtain the following

de
db

=
∂e
∂c
· ∂c

∂b
+

∂e
∂d
· ∂d

∂b
. (4.15)
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. The total simulation time is proportional to the input amount of parameters.

For the backward-mode differentiation, we start from the field value and sum up
all the path down to the input parameters. In only one computation, we can get all the
derivatives in Eq. 4.14 and Eq. 4.15.

The example I used here only has two parameters, so the time effect is not huge. If
the amount of parameters is increasingly large, reverse-mode differentiation will play
an important role in saving computation time.

To ease the understanding, let’s assume the loss function in Ch. 4.2.1 is uncorrelated
with input parameters p⃗. The total derivative in Eq. 4.9 could be written as

dg
dp⃗

= − ∂g
∂x⃗
· (∂ f

∂x⃗
)−1 · ∂ f

∂ p⃗
= − ∂g

∂x⃗
· ∂x⃗

∂ f
· ∂ f

∂ p⃗
= −λ⊺ · ∂ f

∂ p⃗
. (4.16)

The above Eq. 4.16 is exactly the same as chain rule used in backpropagation in
machine learning model training. Mathematically, adjoint method and backpropagation
is equivalent. The adjoint equation as in Eq. 4.10 is just the numerical implementation
to calculate the derivative by using chain rule.

4.2.3 Inverse design for 3D photonic device

This section presents the inverse design principle for 3D photonic device. There are
many literature focusing on adjoint optimization [123] and shape calculus [144]. All of
them try to find the sensitivity of merit function with respect to each voxel in the design
region within only two simulations. Then the pixel that induces the largest derivative is
selected and added to the structure. Next we run a new round of simulations to obtain
the new derivatives. The iteration loops until we achieve an optimal design. We will
see that the shape calculus [144] used to calculate the gradient is actually the same as
adjoint method in Ch. 4.2.2.

Mathematically, the inverse design problem is actually a partial differential equa-
tion (PDE) problem, which is

max←→ϵ ,←→µ
F(E, H, ω)

subject to ∇ ·←→ϵ E = ρ

∇ ·←→µ H = 0

∇× E = −jω←→µ H

∇×H = J + jω←→ϵ E,

(4.17)

where the tensor permittivity←→ϵ and tensor permeability←→µ represents material distri-
bution. When solving the PDE problem in Eq. 4.17, we try to find the optimal structure
(material distribution) to maximize the predefined merit function.
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Figure 4.4: Demonstration of calculating the derivative of merit function with respect to
each voxel within only two simulations. The background permittivity is ϵ1. The yellow
box represents the design region Γ, while the red box denotes the merit function region
σ. In the forward simulation, an incident wave is impinged onto the structure. And we
simulate the wave propagation through Maxwell equation to get merit function. Then
in the adjoint simulation, each voxel in merit function region is replaced by an adjoint
electric and magnetic dipole. We run the adjoint simulation, combined with the electric
field data from the forward simulation, and we can get the derivative at each voxel. The
voxel inclusion that induces the maximum gradient is selected and added to the design
region. Then iterates the next loop to search for the optimal inclusion. In the end, an
optimal structure is achieved.

Let’s assume the merit function is defined as

F =
∫

σ
f (E(x⃗), H(x⃗))d3 x⃗, (4.18)

where F and f should be a scalar to ease the calculation. And σ denotes the region
where field value of all voxels are taken as part of the merit function.

The electric field E and magnetic field H are usually a complex number. The deriva-
tives with respect to the real part and imaginary part are independent of each other. To
ease the mathematical deduction, we will use the conjugate to distinguish the two dif-
ferent derivatives. Therefore, we have four variables E, E, H, H, where the top bar
denotes the conjugate value.

If we add a small inclusion in the design region Γ, the merit function will have a
deviation of

δF =
∫

σ

( ∂ f
∂E

(x⃗) · δE(x⃗) +
∂ f
∂E

(x⃗) · δE(x⃗) +
∂ f
∂H

(x⃗) · δH(x⃗) +
∂ f
∂H

(x⃗) · δH(x⃗)
)

d3 x⃗. (4.19)
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Since ∂ f /∂E is the conjugate of ∂ f /∂E (same as ∂ f /∂H and ∂ f /∂H), we could simplify
Eq. 4.19 as

δF = 2Re
[∫

σ
d3 x⃗
( ∂ f

∂E
(x⃗) · δE(x⃗) +

∂ f
∂H

(x⃗) · δH(x⃗)
)]

, (4.20)

where Re means the real part.

To start with, we run the 1st simulation, which is the forward simulation in Fig. 4.4.
We can get the electric field information, Eold(x⃗), across the whole space.

In the design region Γ, if we add a small inclusion ψ at x⃗′, (which should be consid-
ered as a 3D sphere,) it will be polarized by the original electric field Eold(x⃗). Then the
polarization will affect the electric field, and vice versa. In the ending balanced state,
the polarization should be

Pind(x⃗′) = αEold(x⃗), (4.21)

where according to Claussiu-Mossotti relationship[2],

α = 3ϵ0(
ϵ2 − ϵ1

2ϵ2 + ϵ1
), (4.22)

where ϵ2 denotes the permittivity of the inclusion material.

Next,we have the Green function to calculate the electric field from a dipole as

GEP(x⃗, x⃗′), (4.23)

where x⃗′ is the position of the electric dipole, and x⃗ is the position of the electric field
we want to calculate. For the magnetic field calculation, we have it written as follows

GHP(x⃗, x⃗′), (4.24)

where x⃗ is the position of the magnetic field.

The induced electric dipole will cause a deviation in electric field as

δE(x⃗) =
∫

ψ
GEP(x⃗, x⃗′)Pind(x⃗′)d3 x⃗′, (4.25)

and in magnetic field as

δH(x⃗) =
∫

ψ
GHP(x⃗, x⃗′)Pind(x⃗′)d3 x⃗′. (4.26)

Therefore, we can rewrite the variation of merit function in Eq. 4.20 as

δF = 2Re
[∫

σ
d3 x⃗
( ∂ f

∂E
(x⃗) · GEP(x⃗, x⃗′)Pind(x⃗′) +

∂ f
∂H

(x⃗) · GHP(x⃗, x⃗′)Pind(x⃗′)
)]

. (4.27)

Due to the symmetry [144], the Green function could be stated as

GEP
ij (x⃗, x⃗′) = GEP

ji (x⃗′, x⃗) (4.28)
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GHP
ij (x⃗, x⃗′) = −GHP

ji (x⃗′, x⃗), (4.29)

where Einstein notation is used.

Then, the variation of merit function could be simplified as

δF = 2Re
[∫

ψ
Pind(x⃗′)d3 x⃗′

∫
σ

d3 x⃗
(

GEP
ji (x⃗′, x⃗)

∂ f
∂Ei

(x⃗)− GHP
ji (x⃗′, x⃗)

∂ f
∂Hi

(x⃗)
)]

. (4.30)

We can assign the adjoint field a value of

EA(x⃗′) =
∫

σ
d3 x⃗
(

GEP
ji (x⃗′, x⃗)

∂ f
∂Ei

(x⃗)− GHP
ji (x⃗′, x⃗)

∂ f
∂Hi

(x⃗)
)

, (4.31)

which can be considered as a radiating result from an electric dipole with an amplitude
of ∂ f /∂Ei(x⃗) and a magnetic dipole with an amplitude of −1/µ0 · ∂ f /∂Hi(x⃗).

The variation in merit function in Eq. 4.30 will become

δF = 2Re
∫

ψ
Pind(x⃗′)EA(x⃗′)d3 x⃗′. (4.32)

When the added inclusion is small enough, we can consider the adjoint field is constant
across the inclusion. The variation in Eq. 4.32 can be stated as

δF = 2V · Re
(

Pind(x⃗′)EA(x⃗′)
)

, (4.33)

where V stands for the volume of the sphere inclusion.

If we run 2nd adjoint simulation in Fig. 4.4 with electric dipoles and magnetic
dipoles referenced from Eq. 4.31, we can get the adjoint field EA(x⃗′) across the space,
thus obtaining the variation in Eq. 4.33.

In sum, only two simulations are needed to obtain the variation of the merit func-
tion. In the 2nd adjoint simulation, the electric dipoles and magnetic dipoles are calcu-
lated from the 1st forward simulation. Combing the electric field of the two simulations,
we can calculate how much each inclusion in design region can affect the merit function.
When we have the performance map across the design region, we can select the inclu-
sion to maximize our merit function. The optimization process loops until it reaches the
stopping point.

4.3 Theory for optical coherence tomography (OCT)

Optical coherence tomography (OCT) has been widely applied in deep tissue imaging
[145], disease diagnosis [146], etc., ever since its invention in the 1990s [147]. To date,
it is continually being enhanced in many aspects, including resolution [148], imaging
depth [149][150], and imaging speed [129].
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Figure 4.5: The coding flow of the adjoint optimization. Only two simulations are
needed to obtain the variation of merit function. Then gradient descent algorithm is
applied to find the optimal design.

The theory of OCT is comprehensive in literature [151]. Here I will briefly present
the process to obtain an image from an OCT modality. The basic schematic setup of
OCT is demonstrated in Fig. 4.6.

Figure 4.6: The schematic demonstration of an OCT Michelson interferometer [151].

From the light source, we firstly have a low coherent incident beam

Ei = S(k, ν)ei(kz−ωt), (4.34)

where S(k, ν) is the electric field amplitude as a function of the wavenumber k = 2π/λ
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and angular frequency ω = 2πν. Due to dispersion, we define the refractive index as
n(λ). The relationship between the wavenumber and angular frequency can be formu-
lated as c/n(λ) = λν.

When the incident beam reaches the beamsplitter (, where we set the distance as
z = 0), it will be splitted under a 50 : 50 ratio into the respective reference arm and
sample arm. For the reference arm, we set the intensity reflectivity as RR, the electric
field reflectivity being rR =

√
RR. The electric field travelling back from the reference

reflector will be
ER =

Ei√
2

S(k, ν) · rR · ei·2kzR , (4.35)

where zR denotes the distance between the beamsplitter and the reference reflector.

For the sample, we assume the tissue has different electric field reflectivity rS across
depth. We can express the tissue as a layered structure with a reflectivity of

rS(ZS) =
N

∑
n=1

rSn δ(ZS − ZSn), (4.36)

where each reflectivity rSi corresponds to a pathlength of ZSi . The imaging of a sample
issue is actually a problem of solving the reflectivity distribution rSn .

Therefore, the electric field at the beamsplitter reflected from the sample will be

ES =
Ei√

2

N

∑
n=1

rSn ei·2kZSn . (4.37)

When the reference beam in Eq. 4.35 and the sample beam in Eq. 4.37 pass the
beamsplitter and interfere at the photodetector, the photocurrent will be

ID(k, ω) =
ρ

2
|ER + ES|2, (4.38)

where ρ represents the responsivity of the photodetector, and the division of 2 is caused
by a beam splitting ratio of 50:50. Eq. 4.38 can be detailed as

ID(k, ω) =
ρ

2

∣∣∣ Ei√
2

S(k, ν) · rR · ei·2kzR +
Ei√

2

N

∑
n=1

rSn ei·2kZSn

∣∣∣2, (4.39)

which can be reformulated as

ID(k) =
ρ

4

[
S(k) · (RR + RS1 + RS2 + ... + RSN )

]
”DC− terms”

+
ρ

2

[
S(k) ·

N

∑
n=1

√
RRRSn · cos(2k(ZR − ZSn))

]
”cross− correlation”

+
ρ

4

[
S(k) ·

N

∑
n ̸=m=1

√
RSn RSm · cos(2k(ZSn − ZSm))

]
”auto− correlation”.

(4.40)



68 Chapter 4. Biomedical "vision": metasurface for optical imaging

The inverse Fourier transform γ(Z) for the electric field amplitude across spectrum
S(k) is

γ(Z) = e−z2∆k2 F←→ S(k) =
1

∆k
√

π
e−[

(k−k0)
∆k ]2 . (4.41)

If we apply a Fourier transform to the photocurrent in Eq. 4.40, we will get

iD(z) =
ρ

8

[
·(RR + RS1 + RS2 + ... + RSN )

]
”DC− terms”

+
ρ

4

[
γ(Z)⊗

N

∑
n=1

√
RRRSn · δ(Z± 2(ZR − ZSn))

]
”cross− correlation”

+
ρ

8

[
γ(Z)⊗

N

∑
n ̸=m=1

√
RSn RSm · δ(Z± 2(ZSn − ZSm))

]
”auto− correlation”.

(4.42)

Since the delta function has a sifting property, Eq. 4.42 can be simplified as

iD(z) =
ρ

8

[
γ(z) · (RR + RS1 + RS2 + ... + RSN )

]
”DC− terms”

+
ρ

4

N

∑
n=1

√
RRRSn

[
γ[2(zR − zSn)] + γ[−2(zR − zSn)]

]
”cross− correlation”

+
ρ

8

N

∑
n ̸=m=1

√
RSn RSm

[
γ[2(zSn − zSm)] + γ[−2(zSn − zSm)]

]
”auto− correlation”.

(4.43)

Figure 4.7: Demonstration of the photocurrent in Fourier domain (top). Reconstructed
sample reflectivity (bottom)[151].

The "DC-terms" is a constant, which is proportional to the sum of all reflectivities
from reference arm and sample arm. The "cross-correlation" term is the desired part
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of OCT imaging. We want to solve the square root of sample reflectivities. The "auto-
correlation" term is the interference pattern between different sample layers, which will
usually cause artifacts in OCT imaging.

The photocurrent in Fourier domain is presented in Fig. 4.7. By selecting the "cross-
correlation" term, we can reconstruct the sample reflectivity. Because it only contains the
depth information along one axis, it is also called A-scan. When adding a galvo mirror
in the OCT setup, we can collect multiple A-scans, which, when combined together, will
lead to 2D or 3D tissue imaging results.

4.4 Attenuation-compensation algorithm in OCT imaging

The OCT relies on the reflection of light from structures in different layers to interfer-
ometrically reconstruct the volumetric image of the sample. However, light returned
from multiple layers suffers from imbalanced attenuation owing to the optical path
difference and the inhomogeneous tissue absorption. We report an optimization al-
gorithm to improve signal strength at deep tissue for swept-source (SS)-OCT imaging.
This algorithm utilizes the attenuation coefficient of consecutive layers within the sam-
ple and combines them to compensate for the signal strength loss from deep tissue. We
stacked 170-µm thick cover slides as a standard sample for benchmark testing. The
optimized OCT image provides a 30% increase in signal strength in the deep structure
compared with the conventional configuration. We applied the method for pearl inspec-
tion, whose layered structure demonstrates a great application for our optimized OCT
imaging. In contrast to X-ray micro-CT scan and scanning electron microscope (SEM)
imaging modalities, the optimized OCT imaging provides great potential for pearl qual-
ity inspection. The proposed improvement algorithm for SS-OCT could also be applied
to diverse biomedical imaging scenarios, including label-free tissue imaging.

4.4.1 Background

OCT serves as an noninvasive [152] and label-free [153] imaging technique. However,
it suffers from image distortion and signal imbalance [154][155], due to, for example,
the multiple light scattering from the inhomogeneity of the sample [156]. Usually, such
distortion is introduced by the refractive error [157], optical scattering [158], and depth
axial attenuation [159]. For refractive error, ray-tracing tools [160] are well-developed
and could achieve an accuracy of less than 5× 10−3 reconstruction error [161]. Mean-
while, a depth-dependent function was proposed to extract the optical scattering coef-
ficient [158], which features to give the heterodyne signal current concerning the depth
[162]. In particular, the depth axial attenuation, among all the distortion factors, has
attracted substantial attention, since it is frequently encountered in OCT technique and
closely associated with refraction and scattering. Based on the single scattering model,
an algorithm is proposed to calculate the attenuation coefficient [159]. By a multi-angle
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scan, the image distortion from axial attenuation could also be eliminated [163]. As pho-
ton propagates randomly in a homogenous medium, a Monto Carlo model can retrieve
the signal attenuation and provide calibrated data for compensation of the distortion in
OCT images [164]. The attenuation coefficients from existing OCT images could aid to
model the axial attenuation to discriminate different tissues [165].

However, most optimization schemes focus on general sample detection. As the
performance of one scheme may vary on different sample categories, it is more prac-
tical to give a specific solution of a certain sample category of interest. Some works
have been demonstrated along this direction with the phantom samples ranging from
micro-vasculature [166], slow-rate strains [167], to vascular quantification [168], etc.
When it comes to pearls, which is of great artistic value and in need of non-destructive
inspection, OCT-based noninvasive detection schemes were also explored, including
nacre thickness measurement and nuclei identification [169], defect analysis [170], and
treatment investigation [171]. Nevertheless, these schemes adopt the general OCT tech-
nique. They could perform better if the OCT is specifically optimized for layered sam-
ples like pearls [172].

Here in our work, we report an optimization algorithm called layer-based com-
pensation algorithm (LaB-CA), integrated to the SS-OCT modality, to compensate for
the imbalanced attenuation of signal strength from depth. Firstly, a phantom sample,
consisting of a stack of cover slides, is investigated to imitate pearls’ layered structure.
Then, the optimized imaging results of pearls are demonstrated in comparison with
X-ray micro-CT images and scanning electron microscope (SEM) images. Our LaB-CA
algorithm readily compensates for the layer-dependent attenuation. The results show
that LaB-CA is a promising solution for layer-structured samples and specifically, a po-
tential aid for quality inspection and type differentiation in pearls jewelry industry.

4.4.2 Theory and experimental setup

The working principle of our LaB-CA optimized OCT can be simply explained in Fig.
4.8(a), in which the scattering center is supposed to be in each of the multiple layers. As
the beam penetrates inside the multiple layers, the light intensity experiences variable
attenuation according to the number of layers and the density of the scattering center.

Here, we assume the electric field reflection coefficient of each layer is rSi , conse-
quent power reflection being r2

Si
, where i denotes the order of layers within the sam-

ple. In Fig. 4.8(b), if the intensity of the incident beam is unity, it will be reduced to

∏n−1
i=1 (1− r2

Si
) when it reaches nth layer after attenuation by previous (n− 1) layers.

Once reflected, the beam goes through the (n− 1) layers again and the intensity is
reduced by a factor of ∏n−1

i=1 (1− r2
Si
)r2

Sn
at the detector. The detected intensity for the nth

layer is

R2
Sn

=
n−1

∏
i=1

(1− r2
Si
)2r2

Sn
. (4.44)
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Figure 4.8: (a) Theoretical model: measured reflected signal intensity at different lay-
ers in terms of their reflection coefficients. We assume the incident signal intensity
is unity. (b) Experimental SS-OCT setup. FFP-TF: fiber Fabry-Perot tunable filter;
DMD: dispersion-managed delay; SOA: semiconductor optical amplifier; DCL: disper-
sion compensation lens; PD: photodetector.

We assume the sample is quasi-uniform within the volume, and conduct the itera-
tion to retrieve the electric field reflection coefficient,

rSn =

√√√√ R2
Sn

∏n−1
i=1 (1− r2

Si
)2

. (4.45)

The calibrated reflection coefficient will be applied in subsequent steps to compen-
sate for the imbalanced signal strength. For example, for the next layer, namely, (n+ 1)th

layer, the calculated electric field reflection coefficient would be

rSn+1 =

√√√√ RS2
n+1

∏n
i=1(1− r2

Si
)2

, (4.46)

with the rSn being the updated electric field reflection coefficient from Eq. 4.45. In this
way, the signal intensity at different detected depth could be balanced.

Fig. 4.8(b) shows our experimental SS-OCT setup based on Michelson-interferometer.
The theory of SS-OCT was well discussed previously [151], which utilizes reflected sig-
nals from different depths within the sample to reconstruct the image.

We built a Fourier-domain mode-locking (FDML) laser system [173][174]. The fiber
Fabry-Perot tunable filter (FFP-TF) (Wolftek, Inc.), powered at 24V, was able to generate
an optical spectrum of 80 nm bandwidth centered at 1,500 nm. The semiconductor
optical amplifier (SOA) (Inphenix, Inc.) inside and outside the cavity serves as a gain
medium and power booster, respectively. The direct output average power of the laser
was 3 mW and was split by a 90/10 coupler. The 10% power was used in the reference
arm, while the pulses with the remaining 90% power were collimated into the sample
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arm. In the reference arm, the beam passes through dispersion compensator (LSM03DC,
Thorlabs, Inc.) and retro-reflected by a flat mirror. In the sample arm, the beam was
steered by a pair of galvo mirrors (GSV102, Thorlabs, Inc.) and focused by a scanning
lens (LSM03, Thorlabs, Inc.) onto the sample. Owing to the axial resolving ability by
the optical spectrum, the volumetric imaging only requires the scanning of the beam in
two dimensions. The reflected beam from both the sample and the reference arms were
collected by the same collimators and split off the main fiber system by the fiber coupler.
The interferometric signal was digitalized by the photodetector (PD) for off-line image
processing.

Figure 4.9: (a) Original scanning result of standard cover slides with a thickness of 170
µm. (b) Optimized results after our LaB-CA method. (c) Normalized signal intensity
comparison extracted from the imaging results. Scale bar: 1 mm.

To test our algorithm, we run a benchmark experiment to collect the SS-OCT sig-
nal retroreflected from the standard sample. Here we prepared a stack of 10 cover slides
with a thickness of 170 µm.The original SS-OCT image [Fig. 4.9(a)] suggests a significant
intensity decrease concerning the depth. In the presence of our LaB-CA optimization,
the SS-OCT image becomes more uniform across the whole imaging depth [Fig. 4.9(b)].
From 3rd layer and onwards (from top to bottom) in Fig. 4.9(b), the signal strength
of each layer has increased by more than 30%. Cover slides, composed of glass, have
a reflection coefficient of 0.04. To emphasize, no other noise reduction procedure has
been applied in our algorithm to avoid any other improvement of the image. Fig. 4.9(c)
demonstrates the linear intensity profile along the axial direction before (blue) and af-
ter (red) optimization. The intensity becomes more uniform after optimization. Most
spikes are close to the reflection coefficient at 0.04, despite the spikes located at about
1.1 mm and 1.3 mm due to their originally weak signal. Since the LaB-CA is to com-
pensate for the weaker signal in deeper tissue rather than fill in the undetected depth
beyond, technically the detection depth remains unchanged. Furthermore, other sam-
ples, including cellulose (paper) and biological fiber (pork) are investigated to further
validate LaB-CA optimization as elaborated in Ch. 4.4.4.
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Figure 4.10: The original SS-OCT, LaB-CA optimized OCT, X-ray micro CT, SEM images
and signal extraction of different pearls: (a-d) freshwater pearl, (e-h) Akoya pearl (sea-
water pearl), (i-l) black pearl (seawater pearl). (a, e, i) The OCT images without (top)
and with (bottom) optimization. The bottom left corner shows the respective real image
of the pearl sample. (b, f, j) The micro-CT images show the morphology of each pearl
close to the surface. (c, g, k) SEM images demonstrate the detailed layered structure
close to the surface. (d, h, l) The linear OCT signal profile (including original and opti-
mized signal, and Gaussian fit) for each pearl. Scale bar in the first and second column
denotes 500 µm. White scale bar on SEM images represents (c) 100 µm, (g) 50 µm, and
(k) 250 µm.

4.4.3 Results and discussion

Here we applied the LaB-CA for noninvasive inspection of the pearls shown in Fig.
4.10. The LaB-CA optimized OCT does have an improvement over SS-OCT, which is
cross-checked and validated by X-ray micro-CT and SEM images. The pearls we have
investigated in Fig. 4.10 are (a-d) freshwater pearl, (e-h) Akoya pearl (seawater pearl),
(i-l) black pearl (seawater pearl). For each pearl, we obtained its SS-OCT, LaB-CA opti-
mized OCT, micro-CT (computed tomography), SEM, and signal extraction data, which
were listed in the same row as shown in Fig. 4.10. The micro-CT machine (SKYSCAN
1172 X-ray Microtomograph, Bruker Inc.) is set at 10 µm scanning resolution. The SEM’s
type is Hitachi S-3400N variable pressure SEM.

For the freshwater pearl in Fig. 4.10(a-d), the real image of the sample is shown
on the bottom left corner of Fig. 4.10(a). The LaB-CA optimized OCT improves over
SS-OCT, in which the signal strength at depth from 0.6 mm to 1.1 mm is stronger than
that in original SS-OCT, enabling the visualization of another layer structure beyond the
lower nacre. The same pearl sample has also been inspected by micro-CT at the cost of
a longer time (∼ hours for a resolution of 10 µm). The micro-CT image close to the edge
is shown in Fig. 4.10(b). Although the micro-CT was able to inspect the whole structure
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of the large pearl sample (∼ 5 mm in diameter), the resolution is insufficient to observe
the details. We also applied the SEM to inspect the nacre structure with high image
precision. However, the sectional image requires to break the pearls sample into small
pieces. The typical thickness of one nacre layer for the freshwater pearl is roughly 200
µm. We plot the linear intensity profiles from the SS-OCT image with (and without) op-
timization, and a multi-Gaussian fit to the intensity demonstrating that the FWHM (full
width at half maximum) of about 0.2 mm (0.25 mm). The thickness evaluated from the
original SS-OCT image over-estimates the nacre thickness. The FWHM retrieved from
the optimized image corresponds to the thickness of a single nacre layer, and is consis-
tent with the layer thickness evaluated under SEM. In Fig. 4.10(d), the optimized signal
has roughly 8 narrow sharp peaks from 0.45 mm to 0.7 mm in the second Gaussian-like
peak. It may give more information on the nacre structure about which the original
signal can hardly tell.

The consistency of the layer thickness measurement between the optimized OCT
and the SEM has been further corroborated with an Akoya pearl grown in seawater.
Fig. 4.10(e) shows the OCT images of the Akoya pearl (photo at the bottom left corner
shows the real sample). Similarly, the LaB-CA optimized OCT image shows a clearer
and more uniform nacre than the original SS-OCT image. The micro-CT image with
uniform signal strength is insufficient to identify the minute structure owing to the lack
of resolution (∼ 10 µm). The thickness of the nacre layer is evaluated to be about 100
µm under SEM [Fig. 4.10(g)]. We further extracted the linear signal [Fig. 4.10(h)], which
suggests distinct layers located at 0.38 mm, 0.48 mm, and 0.6 mm. So the thickness in
FWHM matches well with SEM measurement. As for the original signal, the dips at the
mentioned places may be too tiny to be identified as a layer boundary. In each layer,
there are nearly 3 peaks at the optimized signal, which is quite limited compared to
SEM but gives more information than that of the original one.

We take the black pearl as the second seawater sample [Fig. 4.10(i)], and found that
the LaB-CA reinforces slightly on subtle structures displayed in the SS-OCT image. Al-
though we can see the growth ring in the micro-CT image, finer details are impossible to
identify. The nacre layer structure has to be imaged under the SEM [Fig. 4.10(k)], which
suggests a thickness of the black pearl of around 600 µm. In contrast, the effective signal
from the optimized OCT image starts from 0.19 mm to about 0.70 mm [Fig. 4.10(l)]. The
consistency of the thickness measurement with LaB-CA optimized OCT and the SEM
suggests the feasibility of using the OCT to estimate the layer thickness without break-
ing the pearl sample itself. It also suggests that the nacre of this black pearl did not fall
apart into layers when we cut it. From the Gaussian fit line [Fig. 4.10(i)], it implies that
the black pearl may have 8 layers. If it comes to the original signal, the third layer peak
located at 0.55 mm and 0.65 mm may be neglected and the original signal ranging from
0.45 mm to 0.60 mm can only give a very limited amount of information due to the weak
signal.

Our LaB-CA improves the intensity of original SS-OCT by at least 15% at a deep
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nacre layer and gives more accurate results on layer thickness and growth rings, which
is further validated by micro-CT and SEM. Based on our LaB-CA optimized results of
nacre thickness, growth rings, and reflection coefficient, the jewelry industry may have
a better judgment over pearls’ type.

Figure 4.11: Scanning results of two specific pearls, (a-d) bad Akoya pearl, and (e-h)
good Akoya pearl. In each row, the data type is the same, viz, SS-OCT data in the
first column with the top being original and the bottom being the LaB-CA optimized
one, micro-CT scan data in the second column, surface SEM data in the third column,
and signal extraction (including signals and their respective Gaussian fit) in the fourth
column. The grayscale bar in the first and second column denotes 400 µm, while the
white gray bar in (c) and (g) denotes 25 µm.

Secondly, as the quality inspection is of crucial importance in the modern jewelry
business, we elect two Akoya pearls (one ’bad’ pearl and one ’good’ pearl judged by a
merchant) for demonstration. Fig. 4.11 shows the imaging results with (a-d) for the bad
Akoya pearl and (e-h) for the good Akoya pearl. These two pearls are different from
what has been shown in Fig. 4.10.

The micro-CT was able to provide an overall view of the whole nacre, which is
consistent with the images shown in Fig. 4.11(a) and 4.11(e), but fails to give more
detailed information. For the bad Akoya pearl in Fig. 4.11(d), the signal peaks at 0.22
mm and 0.35 mm of LaB-CA optimized fit is overlooked by the original SS-OCT signal,
which is due to the relatively low signal strength in this region. At 0.1-mm depth, the
LaB-CA optimized fit has only one peak while the original SS-OCT has two peaks. From
SEM images in Fig. 4.10(c) of the surface, the granule of the pearl is sparsely and evenly
distributed, which means the layers should have an even distribution along the depth.
In that sense, our LaB-CA optimized fit is more reasonable with layer peaks roughly
equally spaced along 0 to 0.6 mm than the original SS-OCT.

For the good Akoya pearl in Fig. 4.11(h), the 3 spikes located from 0.3 mm to 0.45
mm have a different impact on the Gaussian fitting. For LaB-CA, a peak is shown,
which may suggest a layer, while no peak is plotted on original SS-OCT due to the
below-threshold signal strength (0.01 is set as the threshold). Other 3 peaks at 0.15 mm,
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0.57 mm, and 0.65 mm, the LaB-CA signal all have at least 20% higher strength than
original OCT. From the SEM image in Fig. 4.11(g), the granule distribution is denser,
leading to a lower reflection for the layers between upper and lower boundaries. So
it can be well explained that the peak at 0.4 mm has an apparent gap compared to the
other 3 peaks.

Above all, the LaB-CA optimized OCT may have potential use in quality grading.
For the original OCT signal of these two pearls, both show a flat trend from 0.2 mm
to 0.4 mm, which is not enough to tell the difference. For LaB-CA optimized OCT, the
equally distributed peaks similar to Fig. 4.11(d) may suggest a sparse distribution of the
nacre, which is a sign of bad quality. And the ’U’-shape signal, which means the middle
signal is much lower than the boundary signals, may suggest the granule is densely
distributed and possibly of better quality. Surely, more sample pearls could be selected
to set a quality ranking library, to further develop this algorithm.

Figure 4.12: PIQE score for the OCT images of the pearl samples, and a lower score
represents a higher quality. The blue line denotes original OCT images while the orange
line represents the LaB-CA optimized OCT images. In the x-axis, each number stands
for different pearls. 1: Freshwater pearl; 2: black pearl; 3-6: different Akoya pearls. (3:
the Akoya pearl in Fig. 4.10(e); 4: the bad Akoya pearl in Fig. 4.11(a); 5: the good Akoya
pearl in Fig. 4.11(b).

Thirdly, to validate the improvement of our LaB-CA algorithm, we performed the
perception-based image quality evaluator (PIQE) to compare the image quality im-
provement owing to our optimization algorithm. The PIQE score is used to determine
image quality without reference [175] by dividing an image into nonoverlapping blocks,
extracting the local features to classify whether it is distorted by a preset threshold, and
finally providing a PIQE score as a mean of all values from these blocks. In PIQE, a
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lower score represents a higher quality. The PIQE score for the pearls of all the sizes
we imaged with SS-OCT and processed using the LaB-CA algorithm are shown in Fig.
4.12. In summary, our LaB-CA improves the image quality, or reduces the PIQE score,
at about 5 in absolute value, which supports the conclusion that the signal imbalance
compensation greatly improves the image quality.

4.4.4 Imaging results for different samples

To validate our algorithm, we apply the LaB-CA optimized OCT to other samples, apart
from the pearl samples mainly discussed in the script.

Figure 4.13: OCT scanning results on papers. (a, b) Results for 10 papers as a sample. (c,
d) Results for 12 papers as a sample. (a, c) The top image is the original SS-OCT result,
and the lower image is our LaB-CA optimized OCT result. (b, d) Extracted signal, along
with their Gaussian fit, from the white line in (a) and (c). The grayscale bar is 0.5 mm.

First, cellulose, which is paper in this experiment, is investigated in Fig. 4.13. The
thickness of one paper is 0.12 mm, as 70 papers are measured of an 8.50 mm thickness.
Fig. 4.13(a) and 4.13(b) present the results of 10 papers, while 4.13(c) and 4.13(d) is
about 12 papers. Because of the high absorption of cellulose, the major component of
papers, the retrieved signal has decreased after 0.4 mm penetration, which is about 4-
paper thickness. For 10-paper results in Fig. 4.13(b), our LaB-CA optimized OCT data’s
Gaussian fit has 3 peaks, representing that 3 papers are located in the 0.2 mm to 0.5
mm range, while the original SS-OCT data only shows one peak at 0.2 mm, failing to
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retrieve the correct information. As the signal’s intensity drops dramatically after 0.6
mm, it’s acceptable the fourth paper located at 0.6 mm cannot be drawn. For 12-paper
results in Fig. 4.13(d), LaB-CA algorithm could identify 2 peaks between 0.2 mm and
0.4 mm, which is correspondent with the paper’s thickness measured before. However,
the original SS-OCT, still, fails to give useful information and only shows 1 peak at 0.2
mm.

Figure 4.14: OCT scanning results on lean and fatty pork. (a, b) Results for the lean
pork. (c, d) Results for the fatty pork. (a, c) The top image is the original SS-OCT result,
and the lower image is our LaB-CA optimized OCT result. (b, d) Extracted signal, along
with their Gaussian fit, from the white line in (a) and (c). The grayscale bar is 0.5 mm.

Second, biological fiber, which is lean pork in Fig. 4.14(a) and 4.14(b) and fatty
pork in Fig. 4.14(c) and 4.14(d) here, is examined under LaB-CA optimization OCT. For
the lean pork, the second peak improvement of LaB-CA optimized image at 0.35 mm
is quite obvious in Fig. 4.14(b). From 0.4 mm and onwards, the LaB-CA optimized fit
may indicate another layer, which is the muscle fiber for this sample, while the original
SS-OCT fit just decreases to zero. Besides, for the fatty pork in Fig. 4.14(d), the LaB-CA
optimized OCT indicates a layer at 0.72 mm while the original SS-OCT fails. For the
peak located at 0.3 mm and 0.9 mm, the optimized fit has a nearly 5% and 21% intensity
increase respectively compared to original SS-OCT.
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4.4.5 Summary

In conclusion, we reported a LaB-CA algorithm incorporated into SS-OCT to optimize
the signal intensity from deeper tissue and displayed its use in pearl imaging to dif-
ferentiate their types and evaluate their quality. The LaB-CA algorithm considers each
layer’s scattering and attenuation, then compensates the loss to the deeper layer. It is
suitable for those layer-structured samples, e.g., pearls in particular. The benchmark
test with standard cover slide stack using LaB-CA suggested an improvement of 30% in
signal intensity from the 3rd layer and onwards compared to original SS-OCT. Then we
applied it to pearl imaging and demonstrated good correspondence with X-ray micro-
CT and SEM image. We showed that our LaB-CA improves the image quality with PIQE
score reduced by nearly 5 in absolute value or 8% in ratio.

In contrast to the X-ray phase imaging and neutron imaging [176], the SS-OCT
equipped with our LaB-CA algorithm is readily suitable for the non-invasive and label-
free inspection of the pearl. LaB-CA optimization has great potential to reveal the re-
lationship between signal trend versus category and quality. In the future, more pearls
could be elected to generate different classifications of category and quality [177] for
further experiments, to give a general rule of signal trend and pearls’ property, e.g.,
type, origin, and quality. And existing SS-OCT techniques for pearls investigation [169]
could benefit from the LaB-CA optimization for more accurate and quantified results.

4.5 Chip-modality: meta-structure for an extended depth

of focus

In optical imaging field, extended depth of focus (EDOF) demonstrates great impor-
tance in improving imaging depth and resolution [133]. In this regard, Bessel beam and
Airy beam has been frequently adopted as a penetration beam due to their diffraction-
free features [134]. However, such features come with high-energy side lobes, which
will cause background noise and photobleaching [134]. Therefore, the community spends
huge efforts in designing different optical devices, e.g. metasurface [135], phase mask
[128], to achieve an EDOF with reduced side lobes. However, the forward process, e.g.
metasurface geometry sweeping, phase mask designing, may pose high computation
burden [134] but lead to a decreased focusing efficiency [135]. Recently, some inverse
design methods have been applied in metasurface designing [136]. However, the re-
search on inversely designing a phase mask for an EDOF is very limited.

Here, we present an adjoint optimization method to deliver a phase mask so as
to achieve an EDOF. The phase mask could be easily accomplished through a spatial
light modulator (SLM) or metasurface. The EDOF will empower optical imaging with
a higher resolution and signal-to-noise ratio (SNR) compared to Bessel beam.

Fig. 4.15 presents our schematic setup. The size of the metasurface is 300 × 300
µm2. The wavelength is 532 nm. Each pixel has a size of 250× 250 nm2. For a given
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Figure 4.15: Schematic demonstration of the beam profile. (a) Bessel beam intensity
distribution. (b) Desired beam intensity distribution without side lobes. (c) Intensity at
a cross section.

phase mask U(⃗r), we can have its far-field radiation U(P0) through Fresnel-Kirchhoff
formula [104]

U(P0) =
1

j · 2λ

∫ exp(jkr01)

r01
·U(⃗r) · cos(⃗n, r⃗01)dS, (4.47)

where r⃗01 points from the field to the phase mask, λ is the wavelength and k is the
wavenumber.

It can be written in a nonlinear matrix form

g(v, p) = Anl(p)v− b(p) = 0, (4.48)

where v is the field value, and p is the tunable phase modulation at each pixel.

Here, we initialize the phase profile p(x, y) for Bessel beam generation. Then, we
use the adjoint optimization to update the phase pattern. We firstly propose a desired
focus field I0. The objective function we want to minimize is

f (v, p) = ∑
x,z

abs(I0 −U), (4.49)

where U is the far-field intensity distribution during iteration. For each pixel on the
phase mask, we apply a gradient descent updating rule, which is

pi+1 := pi −
d f
dpi

. (4.50)

The gradient on each pixel can be obtained through only two adjoint simulation.
The adjoint simulation is solving the following equation of

(∂g
∂v
)⊺ · λ = −

(∂ f
∂v
)⊺. (4.51)

The gradient can be readily calculated from this adjoint simulation as

d f
dp

=
∂ f
∂p

+ λ⊺ · ∂g
∂p

. (4.52)
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In the end, we output the phase mask when the objective function is lower than thresh-
old.

Figure 4.16: (a) Optimization history. (b) Intensity distribution at z-axis distance of
40 µm displayed in (d) and (f) before and after optimization. (c) Initial phase mask.
(d) Initial intensity distribution. (e) Optimized phase mask. (f) Optimized intensity
distribution.

The optimization result is shown in Fig. 4.16. After optimization, the far-field focus
has been greatly improved with a reduced side lobe in Fig. 4.16(e). In Fig. 4.16(a),
the error is defined as the deviation from the desired intensity averaged across pixels.
During the iteration, the error has been lowered from 10.84% to 4.90%. Once optimized,
the phase mask can be uploaded to SLM or fabricated into a metasurface without further
calculation. It shows a great potential in an enhanced biomedical tissue imaging.

4.6 Fiber-modality: meta-structure for an extended depth

of focus

For chip-modality meta-structure discussed in Ch. 4.5, it will be very easy to integrate
a predesigned chip into an existing optical setup so as to achieve an EDOF for an en-
hanced imaging. However, such chip-based optical setup may still be too bulky for
blood vessel or capillary imaging.

To assist vascular disease diagnosis and surgery, the community begins to pay at-
tention to ultrasmall optical imaging solutions [178]. These ultrasmall endoscope sys-
tems pave the way in vessel imaging with least destruction.

Here, I present a meta-OCT as in Fig.4.17, whose probe is a single-mode fiber (SMF)
meticulously designed to achieve an EDOF. Conventional OCT usually uses a mirror in
the sample arm to reflect beam into the sample. The imaging depth is limited by the
Rayleigh range of the beam. I propose an inverse design algorithm based on adjoint
optimization in Ch. 4.2 to design meta-structure on the SMF. The SMF is cleaved with
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a 40◦ to realize total reflection. If we fabricate the meta-surface on top of the facet, the
refected beam will have an EDOF which will increase the imaging depth.

Figure 4.17: Schematic figure for meta-OCT. The OCT setup is well explained in Ch. 4.3.
The probe of the sample arm is an SMF with a specially designed metastructure on its
facet to achieve an EDOF.

4.6.1 Meta-probe structure

Figure 4.18: Schematic figure of the meta-probe of the sample arm in meta-OCT setup
in Fig. 4.17. It consists of SMF, GRIN, and NCF. The beam is directed by SMF, then
expanded by GRIN, and in the last reflected by NCF into the tissue sample.

The structure of meta-probe is presented in Fig. 4.18. It consists of SMF, GRIN, and
NCF. The beam is directed by SMF, then expanded by GRIN, and in the last reflected by
NCF into the tissue sample.

The SMF has a diameter of 125 µm. And it is integrated with a GRIN fiber with
a length of 870 µm. And another 185-µm NCF is attached to the end of GRIN. The
refractive index profile of GRIN at different radius is measured by a refractive index
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profiler (S14, Photon Kinetics, Inc) at 1310 nm and fitted as [179]

n(r) = ng · (1−
g2r2

2
), (4.53)

where g is 1.8 mm−1, and ng is 1.4538, and r represents the radius in the unit of microm-
eter. The GRIN fiber’s core has a diameter of 100 µm, while the cladding has an outer
diameter of 125 µm. The refractive index for NCF is nNCF = 1.4470 at 1310 nm.

The GRIN fiber, in the meta-probe, serves as a beam expander. Here I will present
the output beam radius calculation, which also explains the length of 870 µm for GRIN
fiber is an optimal choice.

The GRIN fiber can be considered as an inhomogeneous medium. The trajectory of
light in such medium is described by Fermat’s principle [180]

δ
∫ B

A
n(⃗r)ds = 0, (4.54)

where n(⃗r) represents the refractive index distribution, and ds is the differential length
which will be integrated from point A to B.

Using the calculus of variation, Eq. 4.54 can be expressed in a ray equation [180] as

d
ds

(
n · d⃗r

ds

)
= ∇n, (4.55)

where s is the distance along the trajectory, and r⃗ represents the position of the ray, and
n denotes the refractive index distribution, and gradient ∇means (∂/∂x, ∂/∂y, ∂/∂z).

Given the GRIN fiber is cylindrically symmetric, we can simplify the ray equation
Eq. 4.55 on the x-z plane, which will lead to

d
ds

(
n · dx

ds

)
=

∂n
∂x

, (4.56)

where

ds = dz

√
1 +

(dx
dz

)2
. (4.57)

If the trajectory is a function of x(z), we will, by solving Eq. 4.56, get the following
differential equation

x′′(z) =
1
n

(∂n
∂x
− ∂n

∂z
· x′(z)

)
·
(
1 + x′(z)2). (4.58)

Given the refractive index distribution is known from Eq. 4.53, we can rewrite Eq.
4.58 as a 2nd order ordinary differential equation (ODE)

x′′(z) = − g2x

1− g2x2

2

·
(
1 + x′(z)2). (4.59)
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Figure 4.19: Rays trajectory in GRIN fiber in Fig. 4.18. Three different incident angles
are plotted, namely, they are 0◦, 4◦, 6◦. The length of GRIN fiber is assumed to be 1200
µm. At 870 µm, the beam output angle is in parallel with the axis.

By solving the ODE in Eq. 4.58, we can get the numerical solution of the ray trajec-
tory x(z), which is demonstrated in Fig. 4.19. The z-axis starts from 0 at the interface
between SMF and GRIN fiber. I assume the beam is a point source at the output of SMF.
Three incident angles of ray trajectories, which are 0◦, 4◦, 6◦, are plotted as a function of
GRIN length. From Fig. 4.19, the output beam ray, at around 870 µm, is parallel to the
z-axis.

Figure 4.20: The ray trajectory after travelling through the GRIN fiber. (a) Schematic
demonstration: for a ray with an incident angle of θ, it will end with an output angle
of α at a radius position of h. (b) The end position at the output of GRIN fiber with
respect to incident angle. (c) The outgoing angle after the GRIN fiber with respect to the
incident angle.
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We choose the GRIN fiber length to be 870 µm. Then I plot the ray trajectory out-
put position and output angle with respect to the incident angle in Fig. 4.20. For an
incident angle of about 5.2◦, the output ray is almost positioned at 50 µm, the margin
of GRIN fiber core part. It means for the point source beam, only the cone within 5.2◦

will be transmitted and expanded toward the end of GRIN fiber. In Fig. 4.20(c), we can
conclude for all the rays with incident angle below 5.2◦, the output angle is near 0◦.

In sum, the GRIN fiber, with a length of 870 µm, functions as a beam expander for
1310-nm source. The expanded beam can be considered as a plane wave.

4.6.2 Geometrical optics solution

This section presents the meta-probe design procedure based on geometrical optics.
Firstly we have to calculate the phase map needed at the facet of the meta-probe. Then
we will mill structure on the facet to introduce the phase map.

The calculation method is based on Fermat’s principle [180]. I define a focal point
with a desired working distance as P3 in Fig. 4.21. The optical path from the starting
point, travelling through GRIN and NCF, being reflected by the facet, all the way to the
focal point, should be the same across all the rays with different incident angle.

Figure 4.21: Optical path demonstration. O: starting point. P0, P1: output point at
the end of GRIN. P2, P5: the contacting point of the incident ray from P1 and the end
facet. P4: the contacting point of the reflected beam from P5 and the periphery of the
cylindrical NCF. P3: desired focal point.

Optical path calculation

The optical path from starting point O to the focal point P3 can be calculated as

LOP3 = LOP2 + LP3P5 . (4.60)
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I firstly calculate the optical path from starting point O to the facet P2 as

LOP2 = LOP0 + LP1P2 =
∫ P0

O
n(r)ds + nNCF ·

∣∣P1P2
∣∣. (4.61)

Then I compute the optical path from the focal point P3 to the facet P5 as

LP3P5 = nair ·
∣∣P3P4

∣∣+ nNCF ·
∣∣P4P5

∣∣. (4.62)

If we want to focus beam into point P3, all the rays from point O should have the
same phase when travelling to point P3. Therefore, we will have

(LOP2 + LP3P5) ·
2π

λ0
+ ϕ = Lshortest ·

2π

λ0
, (4.63)

where ϕ is the phase map we want to introduce at the facet, and λ0 is the working
wavelength, and Lshortest means the shortest optical path among all the rays.

Therefore, the desired phase mask at the facet should be

ϕ = Lshortest ·
2π

λ
− (LOP2 + LP3P5) ·

2π

λ0
. (4.64)

Figure 4.22: The optical path in GRIN fiber with respect to incident angle.

The optical path in GRIN fiber is calculated as

LOP0 =
∫ P0

O
n(r)ds, (4.65)

which is plotted in Fig. 4.22.

Then I will calculate the optical path from point P1 to point P2 as in Fig. 4.23. We
firstly obtain the Cartesian coordinate of P0 : (x0, y0, z0), which can be expressed in
cylindrical form as (r0, θ0, z0). The outgoing angle at P0 is a function of radius position,
which can be mapped as α0 = α(r0) referenced from Fig. 4.20. The angle of the beam
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Figure 4.23: The optical path from point P1 to point P2. α is the incident angle when
the ray reaches the end of GRIN fiber. β is the outgoing angle of the ray in NCF. n⃗ is
the normal vector of the facet CD. (The graphic geometry may not represent the real
geometry. Some parts has been enlarged in the figure to increase the clarity. The exact
size should refer to the label.)

going out into the NCF can be expressed as

sin β1(r0) =
nGRIN(r0)

nNCF
· sin α0(r0). (4.66)

It is easy to write the direction of
−−→
P1P2 in Cartesian form

v̂1 = (sin β1 cos θ0, sin β1 sin θ0, cos β1). (4.67)

Let’s assume the point P2 has a coordinate of (x2, y2, y2). We can solve the position
by

−−→
P1P2 = k0v̂1
−→
P2C · n⃗ = 0,

(4.68)

where k0 is a constant.

The optical path of |P1P2| can be calculated as

LP1P2 = nNCF · ||P1P2||. (4.69)

Then, the original point is shifted to the center of |AB| to ease the math. I define a
working distance of f , which is the length from focal point P3 to the center of the facet
E. We will have the coordinate of P3 as (− f , 0, |BC| − 1

2
|AB|
tan θ ). We assume the ray comes

out of point P3 with a solid angle of (φ, δ), which is defined in the inset of Fig. 4.24. The
direction of

−−→
P3P4 can be written as

v̂3 = (cos φ, sin φ cos δ, sin φ sin δ). (4.70)
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Figure 4.24: Optical path calculation from point P3 to point P5. The original point is
positioned at the center of AB.

Let’s assume the point P4 has a coordinate of (x4, y4, y4). We can solve the position by

−−→
P3P4 = t0v̂3

x2
4 + y2

4 =
|AB|2

4
,

(4.71)

where t0 is a constant. The optical path of |P3P4| can be calculated as

LP3P4 = nair · ||P3P4||. (4.72)

The direction of
−−→
P4P5 can be calculated as

v̂4 = sin γ2 · −→u1 + cos γ2 · −→n1 , (4.73)

where −→n1 is the normal vector of the cylinder, and −→u1 is the tangential vector of the
cylinder, and γ2 is derived from Snell law by sin γ2 · nNCF = sin γ1 · nair. And γ1 can be
calculated by cos γ1 = −→n1 · v̂3.

Let’s assume the point P5 has a coordinate of (x5, y5, y5). We can solve the position
by

−−→
P4P5 = sv̂4
−→
P5C · n⃗ = 0,

(4.74)

where s is a constant. The optical path of |P4P5| can be calculated as

LP4P5 = nNCF · ||P4P5||. (4.75)
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In sum, the total optical path from SMF to the focal point is, by combining the
results fromEq. 4.65, Eq. 4.69, Eq. 4.72, Eq. 4.75,

LOP3 =
∫ P0

O
n(r)ds + nNCF · ||P1P2||+ nair · ||P3P4||+ nNCF · ||P4P5||. (4.76)

Phase mask calculation

Figure 4.25: Shifted coordinate system to demonstrate the phase profile on the facet.
Blue region is the total facet section. Yellow region is the illuminated part from GRIN
fiber.

Since the total optical path in the original probe is calculated in Eq. 4.76, we can
derive the phase profile we want to introduce on the facet from Eq. 4.64 as

ϕ = (Lshortest − ||LOP3 ||) ·
2π

λ0
. (4.77)

Firstly I shift the coordinate with a x′ − y′ plane parallel to the facet and a original point
O′ at the center of facet, which is demonstrated in Fig. 4.21. The new coordinate is also
plotted in Fig. 4.25.

We selected two different working distance, namely, they are 1500 µm and 2000 µm.
Firstly, we calculate the total optical path for each ray, which is plotted with respect to
each ray’s position when it reaches the facet in Fig. 4.26(a) for f = 1500µm and in Fig.
4.26(c) for f = 2000µm.

Among all the rays, the shortest optical path is selected as the Lshortest. The phase
mask required on the facet is calculated from Eq. 4.77 for 1500µm in Fig. 4.26(b) and for
2000µm in 4.26(d).

The desired phase profile on the facet in Fig. 4.26(b) and Fig. 4.26(d) is continuous,
which is impossible to fabricate. So I discretize the phase profile in Fig. 4.27 for Fig.
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Figure 4.26: The desired phase mask on the facet. When the working distance f is 1500
µm, the total optical path is demonstrated in (a) and the desired phase mask is shown in
(b). When the working distance f is 2000 µm, the total optical path is demonstrated in
(c) and the desired phase mask is shown in (d). The figures are plotted on a x′− y′ plane
parallel to the facet as shown in Fig. 4.21. The original point is the geometry center of
the elliptical facet. (Here the phase map is calculated based on the GRIN fiber with a
length of 100 µm.)

4.26(b) with a working distance of 1500 µm and in Fig. 4.28 for Fig. 4.26(d) with a
working distance of 2000 µm.

Structure design

This section presents the methods of introducing a phase mask on the facet, which is
shown in Fig. 4.29. On the facet, different depth is fabricated to apply the according
phase. This section will provide the relationship between the fabricated depth and the
desired phase mask.

In Fig. 4.29(b), no structure is applied. The incident beam will go through the total
internal reflection and transmit out of the probe in its side face. The incident angle is
η = (90◦ − θ) = 50◦. I assume the medium outside the probe is air. The critical angle
will be θC = arcsin (nair/nNCF) = 43.7◦. Since 50◦ > θC, the condition of total internal
reflection is satisfied.

In Fig. 4.29(c), a depth is milled onto the facet. It is obvious that beam E⃗2 travels
longer than beam E⃗1, which imposes a phase delay. The optical path of beam E⃗2 is
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Figure 4.27: Discretized phase profile for the original phase mask in Fig. 4.26(b). (a) The
phase profile for 1-µm resolution. I divide the whole phase map into a meshgrid with
a lattice size of 1× 1µm2. For each lattice, I take the averaged phase as the final phase
profile. (b) The deviation error of the discretized phase profile in (a) and the original
phase profile. (c) The phase profile for 2-µm resolution. (d) The deviation error of the
discretized phase profile in (c) and the original phase profile.

longer than beam E⃗1 with a value of

L∆E⃗2 E⃗1
=

d
cos η

(
1− sin (2η − 90◦)

)
· nNCF, (4.78)

where ∆E⃗2E⃗1 is the subtraction of optical path between E⃗2 and E⃗1. If we take E⃗2 as a
reference beam, the milled depth will introduce a phase delay for E⃗1 of

∆ρ = −L∆E⃗2 E⃗1
· k, (4.79)

where k is the wavenumber.

The phase mask and fabrication depth should satisfy the following condition

phase− 2π = −L∆E⃗2 E⃗1
· k, (4.80)

where phase means the desired phase mask. Since the phase mask is represented in
0− 2π range as in Fig. 4.26, a 2π period is deducted from the origin phase to make it
negative so as to equal to the phase delay on the right hand side.
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Figure 4.28: Discretized phase profile for the original phase mask in Fig. 4.26(d). (a) The
phase profile for 1-µm resolution. I divide the whole phase map into a meshgrid with
a lattice size of 1× 1µm2. For each lattice, I take the averaged phase as the final phase
profile. (b) The deviation error of the discretized phase profile in (a) and the original
phase profile. (c) The phase profile for 2-µm resolution. (d) The deviation error of the
discretized phase profile in (c) and the original phase profile.

We can calculate the fabricated depth as

d = (2π − phase) · cos η

1− sin (2η − 90◦)
· 1

k · nNCF
. (4.81)

Fabrication

I will use focused ion beam (FIB) to mill different depth structure onto the fiber facet.
The FIB machine I used is FEI Quanta 200 3D FIB from HKU Electron Microscope Unit
(EMU).

Firstly, the depth profile of the phase mask in Fig. 4.26(d) is calculated from Eq.
4.81 and plotted in Fig. 4.30. The highest depth is 0.704 µm.

From the depth profile, I choose 6 depth steps to fabricate, namely, they are 150
nm, 250 nm, 350 nm, 450 nm, 550 nm, and 650 nm. For each pixel in the depth profile,
they are rounded to the nearest step. Depth of 50 nm is eliminated, for it is beyond
fabrication capacity. For each depth, its pattern is shown in Fig. 4.31.

The fabricated devices are shown in Fig. 4.32. I firstly milled the depth profile on a
Silicon chip to test the validity. Then I milled the structure onto the NCF fiber facet.
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Figure 4.29: Schematic demonstration of introducing a phase mask through different
structure. (a) Repositioning of the probe to let facet face downwards. (b) No structure
is applied. The beam will go through a total internal reflection. There will be no phase
shifting for each ray. (c) A depth is milled at one point. Compared with beam E⃗1, beam
E⃗2 has a phase shift. d is the depth. m is the resolution, which is the size of one pixel of
the whole structure. η is the incidence angle.

Figure 4.30: Depth profile of the phase profile in Fig. 4.26(d), whose working distance
is 2000 µm. (a) Depth profile for resolution at 1 µm. (b) Cross section of depth profile in
(a) at y=0. (c) Depth profile for resolution at 2 µm. (d) Cross section of depth profile in
(c) at y=0.
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Figure 4.31: Depth profile for fabrication for phase profile in Fig. 4.26(d) with a working
distance of 2000 µm. Black region will be untouched. White region will be milled at
depth of 150 nm for pattern in (a), 250 nm for (b), 350 nm for (c), 450 nm for (d), 550 nm
for (e), and 650 nm for (f).

Figure 4.32: Fabricated device. (a) The depth profile is milled on a Silicon chip to test
the validity. (2) The depth profile is milled on a NCF fiber facet.

Summary and discussion

All in all, this section presents the method to fabricate structures on a NCF fiber facet
thus achieving an extended depth of focus. In the meta-probe, a GRIN fiber is utilized
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to expand the beam and a NCF fiber is polished with an angle of 40◦ to facilitate total
internal reflection. Due to the cylindrical shape of the fiber, the output beam will suffer
from a astigmatism aberration. I calculated the phase profile we need to introduce on
top of the facet to deliver a beam with an EDOF. The phase profile can be achieved
through different depth, which could be milled through FIB. Sample fabricated devices
are presented with a working distance of 2000 µm. Further testing will be conducted in
the future.

However, there are some concerns about the geometrical optics solution. (1) In our
phase profile, I select the resolution to be 1 µm, which is smaller than the wavelength
1.31 µm. The coupling effect may not be negligible in this circumstances, which may
weaken the performance. (2) If we choose the resolution to be 2 µm, the total points
may not be enough to represent the whole phase profile, which may also lead to a dete-
riorating performance. (3) As for total internal reflection, there is Goos-Hänchen effect
[181]. The reflected beam will have a position shift, which means for every fabricated
pixel depth, the reflected energy may not be 100% as the incident beam. It will cause
a decreased efficiency. (4) The alignment precision during FIB fabrication is also a big
challenge. Because the FIB milling will be conducted 6 times at different depth to cre-
ate the complete profile, small misalignment between different fabrication will lead to a
decreased performance.

4.6.3 Wave optics solution

This section presents the adjoint method to inversely design a structure on top of NCF
fiber to create an EDOF for an enhanced biomedical imaging. The structure will be easy
for FIB to fabricate. And the optimization method is based on full-wave FDTD simula-
tion, which will take the coupling effect between different parts into consideration.

Problem definition

In physics, the problem can be phrased as how to design the structure on the NCF fiber
facet to achieve an EDOF. In mathematics, the problem is actually a PDE problem in Eq.
4.17, which can be simplified as

max←→ϵ
F(E, ω)

subject to ∇ ·←→ϵ E = ρ

∇ ·←→µ H = 0

∇× E = −jω←→µ H

∇×H = J + jω←→ϵ E,

(4.82)

where the tensor permittivity ←→ϵ represents material distribution. For the material in
question, which will be silicon and silica in our case, the tensor permeability←→µ is con-
stant, thus being eliminated from the PDE problem. When solving the PDE problem
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Figure 4.33: Schematic demonstration of inversely designing a structure on top of NCF
fiber, which is based on full wave FDTD simulation. The incoming beam firstly interacts
with the structure on the facet, which we are going to optimize. The reflected beam
then will interfere with and transmit out of the fiber. A merit function region is chosen,
within which we want to achieve an EDOF.

in Eq. 4.82, we try to find the optimal structure (material distribution) to maximize the
predefined merit function.

The schematic demonstration of the fiber optimization is shown in Fig. 4.33. The
optimization region, enclosed in the orange block, is the tensor permittivity distribution
←→ϵ . The material distribution should accommodate the FIB fabrication. In other words,
the structure should be similar to grating modality, which will be easier for top-to-down
milling. The merit function region, enclosed in the blue block, represents the desired far
field intensity distribution.

Optimization trial for a simplified case

To test the validity of the adjoint optimization method, a simplified case is demonstrated
in Fig. 4.34.

It is a 2D silica structure with a refractive index of 1.45 at 1.31 µm. The incident
source is a TE mode Gaussian source with a spectrum spanning from 1.19 µm to 1.41
µm and centered at 1.31 µm. We want to focus the beam at a point 14 µm above the
the optimization region. The full wave FDTD simulation region will include the air area
with a size of 33× 15µm2. The FDTD simulation and adjoint optimization are conducted
through Meep [49].
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Figure 4.34: A simplified case for adjoint optimization. It is a 2D structure containing
silica, whose refractive index is 1.45 at 1.31 µm. The red line represents the incident
source, which is a TE source with a Gaussian specturm centered at 1.31 µm and span-
ning from 1.19 µm to 1.46 µm. The width of the structure is 15 µm. The optimization
region is the block in the middle with a size of 15× 2µm2. We want to focus the incident
beam at a point 14 µm higher above the optimization region.

We take n f sampling points in the spectrum domain. The merit function is defined
as

F =

n f

∑
i
||E(r, λi)||2, (4.83)

where r is the predefined focal point.

Figure 4.35: Grating modality for the optimization region. The 15-µm length has been
equally divided into 150 parts. Each block is represented by a parameter xi, whose
value ranges from 0 (representing air) to 1 (representing silica). The whole optimization
parameter is x⃗ = [x1, x2, x3, ..., x150].

To be compatible with fabrication, I choose grating as the modality in the opti-
mization region. The resolution is set at 10 for 1-µm length. Since the length of the
optimization region is 15 µm, there will be 150 blocks, shown in Fig. 4.35, with each
being either air or silica. Mathematically, the optimization parameter can be expressed
as

x⃗ = [x1, x2, x3, ..., x150], (4.84)

where xi represents each block. The value of xi ranges from 0 to 1. The value of 0 means
air, while 1 represents silica. Since any other value between 0 and 1 is very hard to
realize and fabricate, I will binarize the results after optimization.
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Firstly, I will set the lower bounds for parameter x⃗ as

x = [0, 0, 0, ..., 0], (4.85)

and upper bounds as
x = [1, 1, 1, ..., 1]. (4.86)

For each parameter, the gradient dF/dx⃗ can be calculated through adjoint optimiza-
tion, which is detailed in Ch. 4.2. Then the parameters will be updated as

x⃗ := x⃗ + α
dF
dx⃗

, (4.87)

where α is the step size. Because we want to maximize the merit function, we will add
the gradient in the updating in Eq. 4.87.

After one optimization, I will apply a filter to the parameters to make them as bi-
narized as possible for easier fabrication. The filter [182] can be expressed as

x⃗ :=
tanh (β× ζ) + tanh (β× (x⃗− ζ))

tanh (β× ζ) + tanh (β× (1− ζ))
, (4.88)

where β is the binarization factor initially set at 2, and ζ is the threshold with a value of
0.5. β will be multiplied by 2 after each iteration. The higher the value of β, the more
binarized value the output will be. ζ is the dividing threshold, above which the value
will be pushed to 1 and under which the value will be pushed to 0.

Then, we will go back to Eq. 4.87 to start a new round of optimization. β will be
multiplied by 2 for 12 times. For each value of β, the optimization will run 6 times before
increasing the β value. The total iteration loop will be 72 loops.

Figure 4.36: Structure comparison. (a) Optimized grating structure through adjoint
methods. (b) Structure consisting of hyperbolic phase. (c) No structure. Red line repre-
sents the incident source.

When the optimization loop ends, I binarize the final parameter x⃗ with a threshold
of 0.5, which in mathematical words is

i f xi ≥ 0.5, xi := 1;

i f xi < 0.5, xi := 0.
(4.89)
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The finalized structure is shown in Fig. 4.36(a). For benchmark comparison, I also plot
a structure with hyperbolic phase in Fig. 4.36(b) and an untouched structure in 4.36(c).

For the hyperbolic structure in Fig. 4.36(b), the 15-mum length is equally divided
into 15 blocks. The height of each block is calculated as follows:

f · nair + d · nSiO2 =
√

f 2 + r2 · nair + d(r) · nSiO2 , (4.90)

where f is the focal length of 14 µm we defined in Fig. 4.34, d is the height of the design
region, r denotes the distance of a certain block from the center block, and d(r) is the
height for block at distance r. Therefore, the height for each block can be calculated as

d(r) = d +
(

f −
√

f 2 + r2
)
· nair

nSiO2

, (4.91)

which is plotted in Fig. 4.36(b).

Figure 4.37: Electric field distribution for the three structures displayed in Fig. 4.36. Red
line represents the incoming beam. Long blue line at 5 µm records the incoming flux.
Short blue line at 15 µm records the flux at the focal point region.

For the three structure, an FDTD simulation is conducted to record the electric field
response, which is shown in Fig. 4.37. It is obvious that adjoint structure and hyperbolic
structure can focus the light at the desired point while no structure cannot perform the
focusing function.
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To quantitatively compare the results, I define a term as

f ocusing e f f iciency =
f ocused power

transmitted power
(4.92)

The transmitted power is calculated as follows. After we run an FDTD simulation,
we can have the electric field E(x⃗, t) and magnetic field H(x⃗, t) over space and time. For
each point on the flux plane, we conduct the Fourier transform, which is

Eω(x⃗) =
1√
2π

∫
eiωtE(x⃗, t)dt

Hω(x⃗) =
1√
2π

∫
eiωtH(x⃗, t)dt.

(4.93)

Then the power transmission is calculated through Poynting vector

P(ω) = Re
(

n̂ ·
∫

Eω(x⃗)×Hω(x⃗)d2 x⃗
)

. (4.94)

The focusing efficiency can be calculated as

f ocusing e f f iciency =
Pf oc(ω)

Ptran(ω)
, (4.95)

where Pf oc(ω) denotes the power transmission spectrum on the focal plane, and Ptran(ω)

denotes the power transmission spectrum on the transmission plane, which is the long
blue line at 5 µm in Fig. 4.37.

Figure 4.38: Focusing efficiency spectrum. Blue: adjoint optimized structure. Orange:
hyperbolic structure. Green: no structure.

The focusing efficiency spectrum over 1.23 to 1.41 µm is shown in Fig. 4.38. The
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hyperbolic structure has roughly 38% efficiency. The adjoint optimized structure has
a much better performance, which has a 55% efficiency over the same spectrum. The
results validate the advantage of adjoint optimization over traditional forward methods.

Optimization results for a large structure

This section demonstrates an optimized 3D grating structure on a silicon chip (with a
refractive index of 3.47 at 1.7 µm) to achieve an EDOF. In the algorithm, we can readily
switch the refractive index to silica. And the optimized structure can be fabricated on a
flat NCF fiber, which will foster a forward view in an optical imaging setting.

Figure 4.39: Full wave FDTD simulation in two coordinates. (a) Cartesian coordinate:
one simulation has a TE source, while the other simulation has a TM source. (b) Cylin-
drical coordinate: one simulation has an LCP source with electric angular dependence
of eimϕ, while the other simulation has an RCP source with electric angular dependence
of e−imϕ.

I firstly run the adjoint optimization on a 2D structure, then expanding it to 3D
structure through rotation symmetry. Such expansion needs some tactics shown in Fig.
4.39.

If we run it on a Cartesian coordinate [Fig. 4.39(a)], we have to run two simulations
separately with a respective TE and TM source. The merit function should be altered to

Fnew = FEDOF − δ||ETE − ETM||, (4.96)

where FEDOF denotes the old merit function to achieve an EDOF. And we want the
electric field response of TE and TM source to be as small as possible, which is the
second penalization term in Eq. 4.96. In the end, the optimized structure will be valid
for any incoming polarized beam.

If we run it on a cylindrical coordinate [Fig. 4.39(b)], we also have to run two
simulations separately with a respective LCP and RCP source. The LCP has an electric
field angular dependence of eimϕ, while LCP has an electric field angular dependence of
e−imϕ. The merit function should be changed to

Fnew = FEDOF(ELCP + ERCP). (4.97)
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A linear polarization is the sum of LCP and RCP. Therefore, the merit function in Eq.
4.97 will deliver an optimized solution for TE beam.

Here I choose to run the adjoint optimization in Cartesian coordinate with a TE
source, which is shown in Fig. 4.40. The additional simulation with a TM source will be
conducted in the future to deliver a more robust solution.

Figure 4.40: Optimization for a large structure. (a) Initial condition: design region has a
length of 80 µm and a height of 200 nm. The incoming source is TE mode. (b) The opti-
mized and binarized grating structure. The material is Si. (c) Zoomed in demonstration
of the structure in (b). (d) The expanded structure through rotation symmetry from (b).
Black region should be untouched, which white region shall be milled at 200-nm depth.

The optimization structure is demonstrated in Fig. 4.40(a). The design region has
a length of 80 µm and a height of 200 nm. The incoming source is TE mode. After
applying the adjoint methods, the optimized structure is shown in Fig. 4.40(b) with
a zoomed-in figure in Fig. 4.40(c). Such 2D grating structure can be expanded to 3D
through rotation symmetry with a pattern demonstrated in Fig. 4.40(d).

The merit function I want to maximize is

F =
20

∑
i=1
||EAi ||

2 −
10

∑
i=1
||ESLi

||2 −
10

∑
i=1
||ESRi

||2, (4.98)

where EAi , ESLi
, and ESRi

denotes the electric field at points Ai, SLi , SRi respectively. The
point Ai is in center region where we want the intensity to be maximized, while point
SLi and Sri is in the side lobe region where the intensity is unwanted. So I will subtract
the intensity in side lobe region in merit function. The points distribution is illustrated
in Fig. 4.41(a). They have a coordinate as follows:

Ai : (0, 500 + (i− 1)× 5), (i = 1, 2, ..., 20)

SLi : (−10, 500 + (i− 1)× 10), (i = 1, 2, ..., 10)

SRi : (10, 500 + (i− 1)× 10), (i = 1, 2, ..., 10)

(4.99)

We conduct the same optimization loop as in last session Ch. 4.6.3. The optimized
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Figure 4.41: Far field intensity distribution. (a) Merit function sampling points distri-
bution. Red points Ai is in center region, where the intensity will be maximized. Green
points SLi and SRi is in the side lobe region, where the intensity will be minimized. The
bottom structure is the optimized structure in Fig. 4.40(b). (b) Full wave FDTD simula-
tion for the optimized structure. The far field intensity is normalized to 0-1 range.

grating structure is indicated in Fig. 4.40. Then I conduct the full wave FDTD simulation
in the whole region to calculate the far field intensity, which is displayed in Fig. 4.41.
We can notice an extended depth of focus from 350 µm to 700 µm, which validate our
method on a large scale. In the next step, I will run the optimization with both TE and
TM mode source so as to deliver a robust case when the structure is expanded to 3D.

Proposed optimization on a fiber with a side view

Previous optimization results are all on a plane, which can be applied to a flat fiber end
face to achieve an enhance forward view in optical imaging. This section proposes the
optimization method to achieve an EDOF on the side view as in Fig. 4.42.

The full wave FDTD simulation region shall cover the whole NCF fiber facet. Since
the fiber is symmetric to the plane specified in Fig. 4.42, the simulation region can be
halved. I will record the electric and magnetic field of the bottom plane of the simulation
box in Fig. 4.42. An algorithm will be conducted to calculate the far field in those red
points from the near field of the bottom plane, thus a merit function will be formed.
(Here, I understand all six planes will contribute to the far field. I assume the bottom
plane has the major contribution and the other five planes’ contribution is negligible.)



104 Chapter 4. Biomedical "vision": metasurface for optical imaging

Figure 4.42: Proposed 3D optimization for a meta-fiber. The full wave FDTD simulation
region is enclosed by the purple box. Red dots represent the far field points selection
in the merit function. The NCF fiber is symmetrical to the plane specified in the figure,
which can halve the simulation region.

Then, the adjoint optimization in Ch. 4.2 will be applied to compute the gradient
upon each voxel. Next, the refractive index of the voxel will be updated towards either
air or silica. And I will start a new optimization again. After multiple iterations, a final
solution will be delivered in the end.

4.7 Proposed testing setup

Figure 4.43: Proposed testing setup for the meta-fiber.

This section presents the experimental assessment of the beam characterization.
The setup is shown in Fig. 4.43, which is inspired by literature [42].

I will optically pump the meta-fiber with a laser at a wavelength specified in pre-
vious optimization algorithm. The output beam profile at each axial points will be
recorded by a camera paired with a lens system including a 50× objective and a tube
lens. I will conduct the testing in the future.
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4.8 Discussion

Here we utilized an adjoint optimization method to design an optical probe with an
EDOF, which will potentially deliver an enhanced imaging result in clinical diagnosis.

The current endoscope OCT is too big. Our method can design a pattern directly on
a fiber facet, which will significantly reduce the size. It will pave the way to scan small
blood vessels. Still, lots of engineering problems will appear when we want to integrate
an optical probe with electronic imaging devices. We have to consider about many
factors, including the optical probe control, opto-electronic and electro-optic conversion,
data receiving, processing, and storage, and even more. Although the engineering part
including the fiber fabrication and system integration can be intimidating, the benefit
of an enhanced biomedical imaging is crucial, which will largely improve the disease
diagnosis ability.

4.9 Summary

All in all, I applied an adjoint optimization algorithm to inversely design a grating struc-
ture on a fiber facet to achieve an EDOF for an enhanced biomedical imaging. The
equivalence of adjoint method and backpropagation in machine learning has been well
explained in the theory part. I also developed an attenuation-compensation algorithm
in OCT imaging, which has improved the imaging quality with a 8% increase in PIQE
score. The adjoint optimization is conducted on both chip-modality and fiber-modality.
For chip-modality, a phase profile has been obtained to achieve an EDOF with a cen-
tral intensity 40% higher than its Bessel beam counterparts and a reduced side lobe.
For fiber-modality, a grating structure on an oblique NCF fiber facet has been designed
based on geometrical optics. The wave optics solution is still underway. I have applied
the wave optics adjoint optimization to small structures, which reported an overall 10%
increase in terms of focusing efficiency compared to traditional forward design meth-
ods. The optimization on a large plane structure also delivers a 350-µm EDOF. In the
end, I propose an optimization loop for 3D NCF fiber and a testing setup to character-
ize the output beam, which will be performed in the future. The adjoint optimization
has an advantage of converging a structure to satisfy the merit function. It requires less
computation resources compared to the training data preparation in neural network
architecture.
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Chapter 5

Conclusion

5.1 Research contributions

Upon the completion of this thesis, huge efforts have been spent on the design and ap-
plication of metasurfaces to improve "vision" in terms of signal "vision", holographic
"vision", and biomedical "vision". The design technique ranges from forward calcu-
lation, machine learning prediction, to adjoint inverse design method. The three ap-
plications for "vision" improvement are just different representations of far-field radia-
tion, which, through proper tuning, can achieve enhanced signal transmission, arbitrary
holographic display, and augmented biomedical imaging.

For signal transmission, traditional optical communication methods usually adopt
SMF, which only allows TE or TM mode beam to transmit. It will limit the communi-
cation speed with a maximum bottleneck of allowed orthogonal channels. I designed
a metasurface to convert a plane wave into multiple LG modes and demultiplex them
into different angles. Since LG mode has radial index and azimuthal index, the de-
signed metasurface can expand the communication channels by one more dimension.
Error analysis has also been conducted on this device to demonstrate a robust LG de-
composition results over a broadband 400-nm wavelength range. It is envisaged that
such technique will increase the current limit of optical communication speed to a new
level. However, in order to achieve LG mode transmission in a fiber, it requires a micro-
engineered fiber to receive and transmit LG modes. We will have to leverage the price
of a tailored fiber and the benefit of an improved signal transmission speed.

For holographic display, current optical setting usually requires a Fourier transform
lens to deliver a projection from a phase map. In order to achieve a lenless modality, the
computation time to obtain a complex modulation mask is tremendous. Therefore, I
developed a neural network to predict the complex mask upon the given image within
only 1 second. The testing loss of this neural network is 4.57%, suggesting a good gen-
eralization. This technique has a huge potential to deliver a real-time and lensless holo-
graphic display, which has a promising application in augmented reality (AR) or virtual
reality (VR). However, some engineering problems still exist. For example, we are using
a metasurface with gold nano-structure. For a display application, it requires a structure
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with at least 24 frame per second speed, e.g. SLM, liquid crystal. It is still a challenge
for am SLM to deliver the same results as a static gold metasurface.

For biomedical imaging, cuurent imaging modality, e.g. OCT or photoacoustic
imaging, suffers from limited working distance and output beam distortion. Therefore,
I designed a meta-structure on a fiber to obtain an EDOF, which will increase the imag-
ing resolution across depth. Here, the adjoint optimization method has been applied
to design the fiber surface structure in an inverse way, which will outperform the tra-
ditional forward design method. The adjoint method has been tested on a small struc-
ture for validation, which demonstrates a more 10% improvement in focusing efficiency
than traditional design. This technique will bring an enormous impact on clinical ap-
plications. Since different clinical imaging equipment have their own requirements, the
adjoint inverse design method can converge to a probe design very quickly. However,
lots of engineering problems will appear when we want to integrate an optical probe
with electronic imaging devices. We have to consider about many factors, including
the optical probe control, opto-electronic and electro-optic conversion, data receiving,
processing, and storage, and more.

In sum, various metasurface design technique has been explored, from forward cal-
culation, neural network, to adjoint inverse design methods. The finalized metasurface
can be applied to signal transmission, holographic display, and biomedical imaging. It
can be envisaged to improve the optical communication speed, deliver near-eye display,
and enhance the clinical diagnosis. However, some engineering problems also exist for
real life application as we discussed above.

Among the whole thesis, my research contribution includes idea conception, meta-
surface design and simulation, experimental setup, and data processing. The metasur-
face fabrication is accomplished by our collaborator Prof. Sun Xinkai, Dr. Yu Zejie, and
Dr. Yu Yue in CUHK.

5.2 Future works

My current research can be further improved.

For signal transmission, one metasurface has been developed to increase the com-
munication channels by one more dimension through LG modes. However, I only illus-
trated the beam profile when the metasurface was illuminated by the incoming beam.
We can actually build a communication system with the current experimental setting as
a transmitter. For the receiver part, I can choose suitable GRIN fibers to accommodate
LG beam. And these fibers can be precisely positioned in space to receive the incom-
ing LG signal. When these signals are detected, we can evaluate the loss through this
transmission.
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For the holographic display, I can only fabricate the metasurface as a static device,
which cannot be tuned afterwards. The advantage of fast prediction through neural net-
work cannot be manifested in this system. I am proposing we can apply the technique
on an active device to achieve a real-time holographic display, which may have huge
applications in the current augmented reality or virtual reality scenarios.

For biomedical imaging, here I only designed the grating structure on a fiber facet
to achieve an EDOF. In the future, I will integrate the fiber with an imaging modality,
be it OCT or photoacoustic imaging. Then I will utilize the enhanced imaging modality
for in-vivo scanning.
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List of Abbreviations

SI Système International: international system of units
FEM Finite Element Method
FDTD Finite-Difference Time-Domain
SEM Scanning Electron Microscope
FOV Field Of View
OCT Optical Coherence Tomography
3D Three Dimensional
MEMS MicroElectroMechanical System
LG Laguerre Gaussian
OAM Orbital Angular Momentum
LCP Left Circular Polarized
RCP Right Circular Polarized
CGH Computer Generated Hologram
FIB Focused Ion Beam
ITO Indium Tin Oxide
EM Electro-Magnetic
SLM Spatial Light Modulator
CGH Computer Generated Hologram
NO Neural Optimizer
ReLU Rectified Linear Unit
BN Batch Normalization
MAE Mean Absolute Error
CMT Coupled-Mode Theory
PBS Polarization Beam Splitter
CCD Charge Coupled Device
EBL Electron Beam Lithography
LFW Labelled Face in the Wild
EDOF Extended Depth of Focus
PA Photoacoustic
DOE Diffractive Optical Element
DOF Depth of Focus
GRIN Graded Index
SMF Single Mode Fiber
MRI Magnetic Resonance Imaging
CT Computed Tomography
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PDE Partial Differential Equation
NCF Non-Core Fiber
ODE Ordinary Differential Equation
EMU Electron Microscope Unit
PML Perfectly Matched Layer
CUHK Chinese University of Hong Kong
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List of Symbols

Global notations

E electric field —
B magnetic field —
ϵ0 permittivity in vacuum (8.85× 10−12) s2 · C2/m3 · kg
µ0 permeability in vacuum (4π × 10−7) m · kg/C2

k wavenumber —
ω angular frequency rad

Chapter 1

ρ electric charge density —

Chapter 2

α orientation angle of the block —
L left circular polarization —
Γ rotation matrix —
Ψ output field —
ϕo phase modulation from ordinary axis —
ϕe phase modulation from extraordinary axis —
Ao amplitude modulation from ordinary axis —
Ae amplitude modulation from extraordinary axis —
d height of the proposed Au block —
Aout output amplitude —
ϕout output phase —
p radial index —
l azimuthal index —
ω0 beam waist —
r, ϕ cylindrical coordinates —
σs LG mode rario —
θ deflection angle —
g⃗s deflection direction —
ρ⃗ pixel vector —
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U complex field —
Cl

p LG mode decomposition coefficient —
ηN desired quasi-amplitude conversion —
ηP desired actual amplitude conversion —
wy length of the nano-antenna along y-axis nm
α0 initial orientation angle —
ηac actual amplitude conversion —
ϕac actual phase conversion —
ξ error between actual and desired complex conversion —
ξ1 pessimistic error —
ξ2 neutral error —
ξ3 optimistic error —
Z vector of the length and width of Au block —
di dimension of the variable —
Σ covariance matrix of the Gaussian distribution —
µ mean of the length and width —
ϵ error map —
p probability density function distribution —
σpl complex coefficient of LG mode —
γ efficiency —

Chapter 3

r⃗ original point coordinate —
r⃗1 target point coordinate —
G0 Green function —
H hologprahic image —
M complex modulation of a metasurface —
R distance between metasurface and holographic image —
Q̂ transformation matrix —
w, d width and height of the output —
P prediction output —
T true output label —
D desired intensity —
H computed intensity —
p amplitude or phase of unit-antenna —
F fitness score —
Y0 Bessel function —
Ω coupling matrix —
Eout output electric field —
no, ne refractive index of ordinary and extraordinary axis —
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Chapter 4

x⃗ field value —
p⃗ parameters —
f forward computation —
g merit measure —
λ adjoint solver —
F merit function —
σ merit function region —
pind induced polarization —
α Claussiu-Mossotti coefficient —
ϵ2 permittivity of the inclusion material —
ϵ1 permittivity of the original material —
EA adjoint electric field —
n(r) refractive index distribution —
g constant 1.8 mm−1

L optical path —
ϕ phase mask rad
(x, y, z) Cartesian coordinate —
(r, θ, z) cylindrial coordinate —
k0 constant —
t0 constant —
s constant —
η incident angle 50◦

∆ρ phase delay rad
d fabricated depth nm
λi different wavelength —
d length of the design region —
P power transmission —
F merit function —
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